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Abstract
Twisted waves are usually defined as waves carrying orbital angular momentum
(OAM, related to the helicity of the wave front, i.e. vortices), in addition to
the spin angular momentum (SAM, related to the polarization). Relatively
recently, it was demonstrated experimentally with laser beams having OAM,
that light and matter can interact and can exchange angular momenta. In fact,
the OAM of light was rediscovered about 10-15 years ago and is a macroscopic
property of the light beam that can be also transferred from the light to a
gas or plasma. Actually, both these angular momenta (SAM and OAM) can
be transferred to the plasma, which opens the door to new experiments and
theoretical studies. Some times torsional waves are also called ’twisted waves’.
In the present thesis, we investigate properties of the twisted waves in
unmagnetized plasmas (i.e. plasmas without magnetic field, B = 0), exploring
new wave phenomena associated with these waves. The main new parameter, as
compared to non-twisted waves, is the appearance of an azimuthal component
due to the presence of helical electric field perturbation in the plasma. The
propagation of twisted waves in plasmas is predominantly defined by the
longitudinal and azimuthal wave numbers. The longitudinal wave number
reflects the variation in the spatial symmetry while the varying phase of non-
planar helical wave fronts is described by the azimuthal wave number.
The study of twisted waves is inspired by the many recent investigations of
orbital angular momentum and its relevance for the Alfvénic and magnetic
tornadoes, the High Frequency Active Auroral Research Program (HAARP)
ionospheric radar facility and program to study plasma turbulence in the
ionosphere of the Earth, twisted gravitational waves, ultra intense twisted
laser beams, and quantum entanglement of twisted photons, neutrino physics,
and astrophysics in the radio frequency range. In the optical frequency range,
the variety of potential applications such as ultra-fast optical communication,
quantum computing, microscopy and imaging are already well known. The
observed morphologies of twisted modes are spiral, ring-like or helical, and
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may describe many phenomena in astrophysical and terrestrial environments
like spiral galaxies, gravitational waves around rotating black holes, tornadoes
in the solar corona, cometary tails, etc.
For the sake of simplicity, the first kinetic studies of twisted waves have
systematically assumed Maxwellian distributed (thermal) plasmas. It is,
however, evident that an ideal Maxwellian model is not appropriate for most
of the space plasmas, which are not in (local) thermal equilibrium, especially
due to presence of suprathermal particles which enhance the high and low
energy tails of the distribution. Actually, for these plasma states, the velocity
(or energy) distributions are well reproduced by the generalized Lorentzian or
Kappa distribution function. In the present thesis, first twisted Langmuir and
ion acoustic waves are studied for a plasma of electrons and protons (ions) that
are assumed to be Kappa distributed, as reported by the observations in various
space plasma environments (e.g., the solar corona , planetary magnetospheres,
etc.). The study of twisted waves is then further extended for the dusty
plasmas, as dust is ubiquitous in astrophysical environment, planetary rings
and interplanetary media, comets, interstellar medium, the nebulae, supernova
remnants, Jupiters dusty rings and Earths mesosphere. These studies lead to
the prediction of instabilities (growth rates and instability windows) for twisted
waves of diﬀerent types, e.g. the dust ion acoustic (DIA), and dust acoustic
(DA) twisted waves.
Mathematically, twisted modes are well described by the Laguerre-Gaussian
(LG) mode function in cylindrical coordinates, which decomposes the helical
electric field and the perturbed distribution function into planar and non-
planar components described by the longitudinal and azimuthal wave numbers.
The characteristic system of Vlasov-Poisson equations is derived and solved to
obtain the dielectric function for the twisted waves in the presence of a helical
electric field. The approximative analytical and "exact" numerical solutions
are derived and analyzed to study the dependence of Landau damping or
growth rates on various parameters like the wave numbers, drift velocities,
temperature ratios, dust charging parameters, spectral indices, etc. Afterwards,
the results are physically interpreted and their relevance for various applications
is discussed.
Beknopte samenvatting
Helische golven worden gewoonlijk gedefinieerd als golven die orbitaal angulair
moment (OAM, gerelateerd aan de heliciteit van het golﬀront, d.w.z. wervels)
dragen, naast het spin-hoekmomentum (SHM, gerelateerd aan de polarisatie).
Relatief recent werd experimenteel met laserstralen met OAM aangetoond dat
licht en materie kunnen interageren en angulaire momenten kunnen uitwisselen.
In feite is het OAM van licht ongeveer 10-15 jaar geleden ’herontdekt’ en is
het een macroscopische eigenschap van de lichtbundel die ook kan worden
overgedragen van het licht naar een gas of plasma. Eigenlijk kunnen beide
hoekmomenten (SAM en OAM) worden overgedragen aan het plasma, wat de
deur opent naar nieuwe experimenten en theoretische studies.
In dit proefschrift onderzoeken we de eigenschappen van de helische golven
in niet-gemagnetiseerde plasma’s (d.w.z. plasma’s zonder magnetisch veld,
B = 0), en onderzoeken we nieuwe golfverschijnselen die met deze golven
samenhangen. De belangrijkste nieuwe parameter, in vergelijking met niet-
helische golven, is de aanwezigheid van een azimuthale component als gevolg
van de aanwezigheid van een spiraalvormige verstoring van het elektrische
veld in het plasma. De voortplanting van helische golven in plasma’s wordt
voornamelijk bepaald door de longitudinale en azimutale golfgetallen. Het
longitudinale golfgetal geeft de variatie in de ruimtelijke symmetrie weer, terwijl
de variërende fase van niet-planaire helixvormige golﬀronten wordt beschreven
door het azimuthaal golfgetal.
De studie van helische golven is geïnspireerd op de vele recente onderzoeken
van orbitaal angulair moment en de relevantie ervan voor de Alfvénic en
magnetische tornado’s, het Hoogfrequente Actieve Auroral Research Program
(HAARP) met een ionosferische radarvoorziening en een programma om
plasma-turbulentie te bestuderen in de ionosfeer van de aarde, gedraaide zwaar-
tekrachtgolven, ultra-intensieve helische laserstralen en kwantumverstrengeling
van fotonen, neutrino-fysica en astrofysica in het radiofrequentiebereik. In
het optische frequentiebereik is de verscheidenheid aan mogelijke toepassingen
v
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zoals ultrasnelle optische communicatie, kwantumcomputing, microscopie en
beeldvorming al goed bekend. De waargenomen morfologieën van helische modi
zijn helisch, ringvormig of spiraalvormig en kunnen vele verschijnselen beschrij-
ven in astrofysische en aardse omgevingen zoals spiraalstelsels, gravitatiegolven
rond roterende zwarte gaten, tornado’s in de zonnecorona, kometenstaarten,
enz.
Omwille van de eenvoud hebben de eerste kinetische studies van helische golven
systematisch Maxwelliaanse gedistribueerde (thermische) plasma’s beschouwd.
Het is echter duidelijk dat een ideaal Maxwelliaans model niet geschikt is
voor de meeste ruimteplasma’s die niet in (lokaal) thermisch evenwicht zijn,
vooral vanwege de aanwezigheid van suprathermische deeltjes die de hoge en
lage energiestaarten van de verdeling versterken. Feitelijk worden voor deze
plasmastatussen de snelheids- of energiedistributies goed gereproduceerd door
de gegeneraliseerde Lorentzian- of Kappa-verdelingsfunctie. In dit proefschrift
worden eerst helische Langmuir en ion akoestische golven bestudeerd voor
een plasma van elektronen en protonen (ionen) waarvan wordt aangenomen
dat ze Kappa verdeeld zijn, zoals gerapporteerd door de waarnemingen in
verschillende plasma-omgevingen in de ruimte (bijv. in de zonnecorona, in
planetaire magnetosferen, etc.). De studie van helische golven wordt vervolgens
verder uitgebreid voor de stofplasma’s, omdat stof alomtegenwoordig is in
astrofysische omgeving, planetaire ringen en interplanetaire media, kometen,
interstellair medium, de adelaarsnevel, supernova-overblijfselen, de stoﬃge
ringen van Jupiter en de mesosfeer van de aarde. Deze studies leiden tot de
voorspelling van instabiliteiten (groeisnelheden en instabiliteitsvensters) voor
helische golven van verschillende typen, bijvoorbeeld de dust ion akoestische
(DIA) en dust akoestische (DA) helische golven.
Wiskundig gezien worden helische modi goed beschreven door de Laguerre-
Gaussiaanse (LG) modusfunctie in cilindrische coördinaten, die het helische
elektrische veld en de verstoorde verspreidingsfunctie ontleedt in vlakke
en niet-planaire componenten die beschreven worden door de longitudinale
en azimutale golfgetallen. Het karakteristieke systeem van Vlasov-Poisson-
vergelijkingen wordt afgeleid en opgelost om de diëlektrische functie voor
de helische golven te verkrijgen in de aanwezigheid van een spiraalvormig
elektrisch veld. De benaderende analytische en ’exacte’ numerieke oplossingen
worden afgeleid en geanalyseerd om de afhankelijkheid van Landau-demping of
groeisnelheden te onderzoeken op verschillende parameters zoals de golfgetallen,
driftsnelheden, temperatuurverhoudingen, parameters voor het elektrisch laden
van stof, spectrale indices, enz. Daarna worden de resultaten fysisch
geïnterpreteerd en de wordt relevantie ervan voor verschillende toepassingen
besproken.
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Chapter 1
Introduction
1.1 Background of the PhD Research
The era in which we live is witnessing seminal contributions of electromag-
netic fields to our domestic, social and scientific life. This is because of
the overwhelming potential electromagnetic field applications have in home
appliances, (tele)communications and applied and fundamental research. Since
the pioneering work of Poynting [1909], a lot of progress has been made but
there are still some paradigmatic aspects of electromagnetic fields that are yet
to be clarified and valorized, like, for instance, the technical complexities in the
detection of three dimensional (3D) electromagnetic fields. Radio antennas,
on the other hand, are usually built in one or two dimensions, and hence
not adequate to detect for instance the twisted longitudinal component of an
electromagnetic field along with its transverse components at the same time
(Sjoholm and Palmer [2007]).
1.2 Twisted Electromagnetic Fields
Electromagnetic fields contain energy and also a certain momentum per
unit volume, called momentum density, which is a vector, of course, as the
momentum has various possible directions. This momentum of electromagnetic
fields can be decomposed in two distinct components, namely the linear
momentum and the angular momentum. As is well-known, the linear
momentum, or simply momentum of a particle, p is defined as the mass m
1
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times the velocity v, i.e. p = mv. Momentum is a conserved quantity in an
inertial frame but depends on the frame of reference. The (external) angular
momentum L can be expressed as the cross product of the position vector r
with the linear momentum, i.e. L = r × p. Hence, this ’external’ angular
momentum depends on the choice of the coordinate system. Similarly, we can
define the angular momentum of light as a vector quantity that quantifies the
amount of dynamical rotation in the electromagnetic field of the light beam.
As a matter of fact, a beam of light can be rotating or twisting around its axis
while propagating through the surrounding medium. This rotation can become
apparent through the interaction of the beam with matter.
The angular component can further be sub-categorized into intrinsic and
extrinsic parts as, respectively, the spin angular momentum (SAM) and the
orbital angular momentum (OAM) (Rubinsztein-Dunlop et al. [2011]). The
spin angular momentum belongs to the quantum spin and wave polarization
of the photons, while the orbital angular momentum describes the azimuthal
phase of the wave and is thus related to the shape of its wavefront. The
spin and orbital angular momenta of light are thus related to its polarization
and wavefront shape (Barnett and Zambrini [2007]), respectively (two distinct
rotation forms of the light beam), and can be obtained from the Maxwell’s
equation. The dynamics of an electromagnetic field can be described by the
Maxwell-Lorentz equations (Jackson [1975]):
∇ ·E = ρ
ϵ0
, (1.1)
∇×E = −∂B
∂t
, (1.2)
∇ ·B = 0, (1.3)
∇×B = ϵ0µ0 ∂B
∂t
+ µ0j, (1.4)
where ϵ0 and µ0 are the permittivity and permeability in free space, respectively,
and ρ denotes the charge density and E and B represent the electric and
magnetic fields, respectively, while j denotes the current density. These
partial diﬀerential equations of classical electrodynamics is invariant under the
Poincaré group (Coleman and Van Vleck [1968]), i.e. the group of Minkowski
spacetime isometries. This means that these PDEs possess Poincaré or
relativistic invariance. This implies full (Poincaré) symmetry, i.e. invariance
under operations like space-time translations or displacements, spatial rotations
and Lorentz transformations. As a result, we can associate some generators
of this group with conserved quantities. For example, we can denote the
generator of space translation by P and aﬃliate it with the conservation of
linear momentum. Similarly, the generator of time translation H is related to
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the conservation of energy and the generator of spatial rotation, denoted by J,
corresponds to the conservation of angular momentum. The generators P, H,
J of the Poincaré group can be expressed in the following form(Boyer [2005]):
P =
∑
i
mivi +
1
4pic
∫∫∫
E×B d3x, (1.5)
H =
∑
i
mic
2 + 18pi
∫∫∫
(|E|2 + |B|2) d3x, (1.6)
where c denotes the velocity of light and mi represents the mass of the ith-
particle. We can write the linear (pf ) and angular (Jf ) momenta of an
electromagnetic field, described in sections 2.4 and 2.5 of Sjoholm and Palmer
[2007], in the following way:
pf =
1
4pi
∫∫∫
E×B d3x, (1.7)
Jf =
1
4pi
∫∫∫
r× (E×B) d3x. (1.8)
By expressing the magnetic fieldB in terms of a vector potential A (B = ∇×A),
we can present the expression of the generator of spatial rotation J in the
following form (Jackson [1975]):
J = 1
µ0c2
∫∫∫ E×A+ 3∑
j=1
Ej(r×∇)Aj
 d3x. (1.9)
In the equation above, the first term corresponds to the spin angular momentum
while the second term is identified as the orbital angular momentum due to the
presence of the operator r×∇, which relates to the vorticity.
When the energy of each photon is assumed to be ~ω (with ~ Planck’s constant,
i.e. ~ = h/2pi), the simplest expressions of the spin angular momentum (SAM)
and the orbital angular momentum (OAM) are given by
SAM = σ~, (1.10)
where σ = ±1 for the left and right handed circularly polarized light, and
OAM = l~, (1.11)
where l is the an integer, positive or negative. It gives the number of
intertwined helices and handedness of helical wave fronts of the non-planar
beams depending of the sign of l.
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Figure 1.1: Schematic plot of the instantaneous field vector directions
(projected onto the phase plane perpendicular to the z−axis which is pointing
out of the figure), in a beam right-hand circular polarized cylindrical carrying
spin angular momentum (SAM); from Thidé et al. [2015], Barnett et al. [2016].
Figure 1.2 represents the projection of the instantaneous directions of field
vectors on the z−plane (the z−axis is again perpendicular to the plot), but
now for a beam carrying both spin and orbital angular momenta. As a matter
of fact, the particular beam shown here carries a z−component of the orbital
angular momentum Lz with a phase variation eiφ, i.e. a mode index l = 1
(note that Thidé et al. [2015] use m instead of l for the mode index), where
φ denotes the azimuthal angle around the z−axis and l corresponds to the
orbital quantum number. At any instant, the field vectors align in distinct
directions for diﬀerent azimuthal angles φ and φ +δφ, executing modulo 2ϖ in
oscillation frequency phase ωt around the beam axis in the phase plane. Hence,
this spatial coherence is a necessary condition for the beam carrying OAM and
to adopt helical symmetry. In this case, the field vector is aﬀected by the phase,
in other words it depends on φ, as well as varying in time due to spin angular
momentum.
It is clear from the left panel of Fig. 1.3 that linearly polarized light does not
inherit spin angular momentum (SAM). However, when the light is left or right
handed circularly polarized then it manifests a spin angular momentum of ±~
per photon. Light with transverse momentum components can only generate a
component of angular momentum in the z-direction. For the transverse plane
wave propagating in the z-direction, illustrated on the LHS panel of Fig. 1.3,
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Figure 1.2: Similar plot as in Fig. 1.1, but in this case the beam is carrying spin
angular momentum (SAM) and a z− component of orbital angular momentum
(OAM), with azimuthal quantum number m = 1. From Thidé et al. [2015],
Barnett et al. [2016]. Note that we use l to indicate the made index instead of
m.
there will be no component of angular momentum in the z-direction unless
there is a component of the electric/magnetic field in that direction.
Figure 1.3: Light with linear polarization (left), and right or left circularly
polarized light (right). From Yao and Padgett [2011].
A light beam carrying orbital angular momentum has a phase that depends on
the azimuthal coordinate like eilφ, where φ denotes the angular coordinate and
l can be any integer value, positive or negative. The angular orbital momentum
carried by the light beam can be much larger than the spin. Figure 1.4 shows
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the helical phase fronts of light beams with the number of intertwined helices
depending on the magnitude and the sign of l, respectively.
Figure 1.4: The helical phase fronts of light beams carrying orbital angular
momentum (OAM) for a) l = 0, b) l = 1, c) l = 2, d) l = 3 ; From Yao and
Padgett [2011].
The orbital angular momentum is a very important feature of electromagnetic
fields (Allen et al. [2003], Barut [1980], Cohen-Tannoudji et al. [1997],
Schwinger et al. [1998]). In some experiments, the atoms, molecules
and microscopic particles can be trapped with the lasers carrying orbital
angular momentum (He et al. [1995]). The interaction between photons
and atmospheric turbulence too is well understood when the orbital angular
momentum of the photons is taken into account (Paterson [2005]).
Orbital angular momentum has been studied in the range of optical frequencies
such as quantum optics (Molina-Terriza et al. [2007b]), and for the radio
frequency range (Harwit [2003], Thidé et al. [2015]), and using modern radio
KINETIC THEORY OF PLANAR ELECTROSTATIC WAVES 7
telescopes such as the Low Frequency Array (LOFAR) or the European
Incoherent Scatter (EISCAT) ionospheric radar facility to observe the 3D
plasma dynamics in the ionosphere (Zolesi and Cander [2014]), or using
the Lunar Infrastructure for Exploration (LIFE) (Lee et al. [1989]). The
inverse Faraday eﬀect is a characteristic of circularly polarized electromagnetic
radiation. However, this eﬀect can be also observed in linearly polarized
electromagnetic radiation when the orbital angular momentum of the laser
pulse is considered along with its spin (Ali et al. [2010]). Lasers are supposed to
inherit distinct modes (Milonni and Eberly [2010]) of electromagnetic radiation.
The laser modes are usually composed of Hermite-Gaussian (HG) modes with
small contributions from the Laguerre-Gaussian (LG) and Bessel-Gaussian
(BG) modes. The Laguerre-Gaussian modes display orbital angular momentum
(Allen et al. [1992]). Moreover, with a suitable setup, the Laguerre Gaussian
modes can be obtained from transforming the Hermite Gaussian modes (Sueda
et al. [2004]).
A more mathematical explanation of the Laguerre-Gaussian (LG) modes
and their application to cylindrical beams is provided in Appendix B. The
mentioned Bessel-Gaussian (BG) modes and the Hermite-Gaussian (HG)
modes will not be used in the present thesis.
As discussed above, helically phased light inherits orbital angular momentum
(OAM) (Anderson et al. [2006]). The work of Allen (Allen and Padgett [2007])
on lasers with orbital angular momentum (OAM) (Grier [2003]), has originated
attractive scientific and technological developments in a wide range of growing
fields, such as microscopy (Jesacher et al. [2005]) and imaging (Jack et al.
[2009]), atomic and nano-particle manipulation (Padgett and Bowman [2011]),
ultra-fast optical communications (Wang et al. [2012]), quantum computing
(Molina-Terriza et al. [2007a]), ionospheric radar facility to observe 3D plasma
dynamics in the ionosphere (Zolesi and Cander [2014]), photonic crystal fiber
(Zhang et al. [2016]), OAM entanglement of two photons (Oemrawsingh et al.
[2005]), twisted gravitational waves (Bialynicki-Birula and Bialynicka-Birula
[2016]), ultra intense twisted laser pulses (Vieira et al. [2016]), neutrino physics
(Mendonca and Thide [2008]) and astrophysics (Tamburini et al. [2011]).
1.3 Kinetic Theory of Planar Electrostatic Waves
In this section, we will briefly introduce the kinetic theory of plasma waves
by the Vlasov approach (Nicolson [1967]), which is used later in this thesis to
study the Landau damping or growth rate of diﬀerent types of plasma waves.
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1.3.1 Landau Damping
The linearized Vlasov and Poisson equations can be written as:[
∂
∂t
+ v · ∇
]
f1 +
q
m
∇ϕ1 · ∇vf0 = 0, (1.12)
and
∇2ϕ1 = 4pieϵ0
∫∫∫
d3vf1(v). (1.13)
where q denotes the charge of a particle, f corresponds to the distribution
function (of particles) and ϕ is the potential of the electric field. Here, subscript
0 refers to equilibrium quantities and subscript 1 to perturbed quantities, and
in the linearized equations only first-order terms in perturbed quantities are
maintained. By applying a Fourier transform in time and the space coordinates
on the Vlasov and Poisson equations, and simplifying to a perturbation
propagating only in the z-direction, we obtain
− i [ω − kvz] f̂1 + i e
m
kϕ̂
∂f0
∂vz
= 0, (1.14)
and
k2ϕ̂ = 4pieϵ0
∫
d3vf̂(v), (1.15)
here ω and k denote the frequency and wave number of the wave under
consideration, while the hat denotes the Fourier transform. By using the
value of the Fourier transformed f̂ from the Vlasov equation into the Poisson
equation and applying a normalization with respect to the x-axis and y-axis,
an expression for the dielectric function, i.e. ϵ(k, ω) is obtained in the following
form by solving Eq. (1.14) for f̂1 and inserting this solution in Eq. (1.15) (Fried
and Conte [1961]):
ϵ(k, ω) = 1− ω
2
p
k2
∫
dvz
(∂f0)/(∂vz)
(vz − ω/k) . (1.16)
Here, ωp =
√
4pin0e2/m is the plasma frequency of the kinetic wave. It can be
noticed that the dielectric function ϵ(k, ω) exists only if the particle velocity vz
is not equal to the phase velocity vϕ = ω/k of the wave. Therefore, the solution
of the above integral is not simple and we have to transform it into a special
form to apply Plemelj relation, namely (Dennery and Krzywiki [1967])
ϵ(k, ω) = 1− lim
γ→0
ω2p
k2
∫
dvz
(∂f0)/(∂vz)
(vz − ω/k − iγ/k) , (1.17)
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where γ is the imaginary part of the wave’s frequency. The Plemelj relation
has been expressed by Lu [1993] as
lim
δ→0
∫
f(x)
x− (x0 ± iδ) = P
∫
f(x)
(x− x0)dx± ipif(x0). (1.18)
In the first RHS term, P denotes the Cauchy’s principal value. By applying
the Plemelj relation, we can express the dielectric function ϵ(k, ω) in terms of
its real and imaginary parts, i.e. ϵ = ϵr + iϵi, such that:
ϵr(k, ω) = 1−
ω2p
k2
∫
dvz
(∂f0)/(∂vz)
(vz − ω/k) , (1.19)
and
ϵi(k, ω) = −pi k|k|
ω2p
k2
∣∣∣∣∂f0∂vz
∣∣∣∣
vz=ω/k
. (1.20)
By substituting the values of ϵr and ϵi in the Cauchy relation, we can calculate
the Landau damping/growth rates of the plasma waves (Goedbloed and Poedts
[2004]). The Cauchy relation can be written in the following form:
γ = − ϵi∣∣∂ϵr
∂ω
∣∣
ω=ωr
. (1.21)
Instabilities or growing (overstable) waves can originate in plasmas due to wave-
particle interaction when there is a free energy source available, otherwise the
plasma waves are always damped due to dissipation.
1.3.2 Maxwellian distribution function
Thermal plasmas are usually Maxwellian distributed in nature. The three
dimensional isotropic Maxwellian distribution function (Summers and Thorne
[1991]) can be represented by the following relation
fM =
1
pi3/2v
3/2
T
exp
[
− v
2
v2T
]
, (1.22)
where vT =
√
T/m denotes the thermal velocity of the corresponding plasma
particle. In the definition of the thermal velocity, T is the temperature and
m denotes the mass. In case of anisotropy, the above Maxwellian distribution
is not applicable and we have to introduce a more appropriate anisotropic bi-
Maxwellian distribution function given as (Demars and Schunk [1979])
fM =
1
pi3/2vT 2∥vT⊥
exp
[
−
v2∥
vT 2∥
− v
2
⊥
vT 2⊥
]
. (1.23)
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The above bi-Maxwellian distribution function shows anisotropy of the
temperature which is diﬀerent in the perpendicular and parallel directions.
1.3.3 Plasma Dispersion Function of Maxwellian Distributed
Plasmas
We will now present the dielectric function ϵ(k, ω) in a form containing the
plasma dispersion function for Maxwellian distributed plasmas. By using the
value of the isotropic Maxwellian distribution function in the expression for the
dielectric function ϵ(k, ω), we can write the dielectric function as follows
ϵ(k, ω) = 1 + 1
k2λ2D
ξZM (ξ). (1.24)
In the above expression, ZM (ξ) corresponds to the plasma dispersion function,
which can be defined by the following relation
ZM (ξ) =
1√
pi
∫ exp (−ζ2)
(ζ − ξ) dζ, (1.25)
where ζ = vz/vT and ξ = ω/(kvT ). By applying simple algebraic operations,
we can write the above expression for the plasma dispersion function as given
below
ZM (ξ) =
2
v2T
[
2 + ξzZ(ξz)
]
. (1.26)
By expanding the plasma dispersion function in the limits of large argument
ξ ≫ 1 for the dynamic particles and small argument ξ ≪ 1 for the inertia-
less case, respectively, we can calculate the dispersion properties of plasma
waves/modes. This will be done later in this thesis.
1.4 The need for a more realistic kinetic approach
Thermal equilibrium cannot be easily established in poorly-collisional plasmas
from space and laboratory experiments, leading to deviations of the observed
velocity (or energy) distributions from a standard Maxwellian (Pierrard
and Lazar [2010]). Therefore, many recent plasma studies inclusive those
investigating twisted waves in space (Arshad et al. [2014b], Arshad et al. [2014c],
Arshad et al. [2014a]) or in laboratory plasma (Arshad et al. [2011], Arshad
and Mahmood [2010]) consider non-Maxwellian or non-thermal plasmas. The
non-Maxwellian distributions in these plasmas may be entertained by the
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background turbulence, eﬀects of the intense background magnetic field and/or
spatial variations of the plasma density or temperature (and pressure) and other
mechanisms of particle energization. A characteristic of these distributions
which deviate from a standard Maxwellian are the enhanced high-energy
tails, which are well described by the power-law distribution functions and
is characterized by flat(ter) tops with extended shoulders and it has high(er)
energy tails than the Gaussian distribution in Maxwellian plasmas.
1.4.1 Lorentzian or Kappa distribution function
The velocity distribution of such non-Maxwellian/non-thermal plasmas is
usually well described by the generalized Lorentzian type ’Kappa’ distribution
function (Vasyliunas [1968], Maksimovic and Lemaire [1997], Stverak et al.
[2008]). Vasyliunas [1968] have described the electrons distribution (integrated
over all pitch-angles) observed in the magnetoshpere with a Kappa power-law
of the form:
fκ =
(n0bκ)
(2pi)3/2 κ3/21 v3T
(
1 + v
2
2κ1v2T
)−κ−1
, (1.27)
where κ1 = κ− 3/2. The factor bκ can be defined as
bκ =
Γ(κ+ 1)
κ3/2Γ(κ− 12 )
. (1.28)
The bi-dimensional (gyrotropic) Kappa distribution function (Summers and
Thorne [1991], Stverak et al. [2008]) is given by the following expression:
fκ =
1
pi3/2θ2⊥θ∥
Γ(κ+ 1)
κ3/2Γ(κ− 1/2)
[
1 +
v2∥
κθ2∥
+ v
2
⊥
κθ2⊥
]−κ−1
, (1.29)
where κ> 3/2, to ensure the existence of the second order moments of
the distribution, defining the (components of) mean kinetic energy, or the
equivalent temperature. The Lorentzian thermal velocity θ that appears in
this expression is related to the conventional thermal velocity vT as follows:
θ2∥ =
(
2κ− 3
κ
)
v2T∥, (1.30)
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Figure 1.5: The Kappa velocity distribution function for diﬀerent values of κ:
spectral indices (Pierrard and Lazar [2010])
and
θ2⊥ =
(
2κ− 3
κ
)
v2T⊥, (1.31)
where vT⊥, ∥ =
√
T⊥, ∥/m. In the limit of larger spectral index (such as κ
approaches to infinity), the bi-Kappa distribution reduces to bi-Maxwellian
distribution. A bi-Kappa distribution function enables characterization of
anisotropic (gyrotropic) distributions with temperature anisotropies T∥ ̸= T⊥,
with respect to the magnetic field direction. Figure 1.9 shows the dependence
of velocity distribution function (parallel section) on spectral index κ.
The generalized Lorentzian or Kappa distribution, introduced by Vasyliunas
(1968), see also the review by Pierrard and Lazar [2010], and Lazar et al. (2012),
is already accepted as a powerful kinetic tool to describe the micro-physics in
space plasmas, such as the solar wind plasmas, the planetary magnetospheres,
and even in the solar corona, etc.
The existence of suprathermal tails have been reported in the energy spectrum
of various space plasmas, including the solar wind. The suprathermal index
(Kappa) is predicted between 2 and 6 for the observations (satellite data)
in solar wind (Gloeckler et al. [1992]; Maksimovic and Lemaire [1997]),
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the radiation belts (Pierrard and Lemaire [1996]; Xiao et al. [2008]), the
magnetosheath (Formisano et al. [1973]), the plasma sheet of Jupiter (Collier
and Hamilton [1995]), the terrestrial magnetosphere (Gloeckler and Hamilton
[1987]), the terrestrial plasma sheet (Bame et al. [1967]; Christon et al. [1988];
Christon et al. [1988]; citeKletzing), in the Io plasma torus as observed by
Ulysses (Meyer-Vernet et al. [1995]), Cassini (Steﬄ et al. [2004]), and the
Hubble Space Telescope (Retherford [2003]), and in the magnetospheres of
Mercury (Christon [1987]), Jupiter (Krimigis and Carbary [1981]; Mauk et al.
[2004]), Saturn (Krimigis et al. [1983]; Schippers et al. [2008]; Dialynas et al.
[2009]), Uranus (Krimigis et al. [1986]), Neptune (Mauk et al. [1991]), and
even the moon Titan (De la Haye et al. [2007]). In the solar wind, the velocity
distribution has a core and a halo, where the core is Maxwellian (thermal) and
the halo is Kappa (suprathermal) distributed (Pierrard et al.).
1.5 Structure of this thesis
In the past years, the most realistic studies of twisted waves in the presence of
helical electric field carrying orbital angular momentum were performed with
the non-Maxwellian (Kappa) distributed kinetic theory. The main reason for
developing this theory was the inability of the conventional fluid theory to
explain some observed intriguing phenomena, like wave-particle interaction,
in plasmas. A second reason was that, in the existing kinetic theories, the
distribution of particles was considered to be Maxwellian (Ali et al. [2016], Khan
et al. [2014]), which is not suitable for the study of many space and astrophysical
plasmas and also not for novel non-thermally distributed laboratory plasmas
as discussed in the headmost chapter (1).
Therefore, in the later chapter (2) of the present thesis we report on the
results of the first kinetic study of twisted waves taking into account a non-
Maxwellian (Kappa) distribution function. In this study, the weak and strong
Landau damping rates of twisted Langmuir waves (Arshad et al. [2015]) are
estimated both by approximative analytical and ’exact’ numerical solutions
of the plasma dielectric function in the adjacent chapter (3). The plasma
dielectric function is derived from the modified Vlasov-Poisson equation in the
paraxial approximation. The modifications occur through the decomposition
of the perturbed distribution function and the helical electric field in terms
of Laguerre-Gaussian (LG) mode functions. The standard Newton-Raphson
Method (Iserles [2009]) is used for the calculation of the ’exact’ numerical
solutions, because the weak damping approximation used in the analytical
derivation does not remain valid at large wavelengths of twisted Langmuir
waves.
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In the next stage, the non-Maxwellian kinetic theory is extended to plasmas
containing Kappa distributed electrons and Maxwellian distributed thermal
ions in a helical electric field carrying orbital angular momentum. In this regard,
the dielectric function is calculated again in chapter (4) for the study of twisted
ion acoustic waves (Arshad et al. [2016]). The dielectric function is again solved
both analytically (using the weak damping approximation) and ’exactly’ by the
numerical Newton-Raphson method in the strong damping limit. The weak
damping approximation, used in the derivation of the analytical solution, does
not remain valid for the lower values of the normalized temperature.
Recently, twisted waves have also been studied in dusty plasmas with
Lorentzian (non-Maxwellian) distribution functions, elaborated in third and
second last chapters (5 & 6). The dielectric functions for the twisted
electrostatic and quasi-electrostatic waves (Arshad et al. [2017]) are derived
again to study growth of the instabilities in Lorentzian distributed dusty
plasmas using the kinetic theory. The conditions of the instabilities are also
discussed and illustrated. The dispersion relations and growth rates of the dust
ion acoustic (DIA) and the dust acoustic (DA) twisted modes are calculated
and also analyzed numerically. In the final chapter (7), the general conclusion
is drawn for the whole thesis.
Chapter 2
Kinetic Modeling of Twisted
Modes
This chapter presents the pioneering contribution of the candidate to the
development of the first-ever kinetic theory of non-Maxwellian Lorentzian
distributed plasmas in the paraxial approximation for the twisted waves.
The distribution function and electric field are decomposed by Laguerre-
Gaussian (LG) modes, to retrieve the spatial and phase contributions of
non-planar twisted waves in terms of its ordinary longitudinal modes with
additional azimuthal supplement. We will calculate the non-Maxwellian
Kappa distributed dielectric function for the twisted waves having helical wave
fronts by employing the Laguerre-Gaussian mode function on the Vlasov and
Poisson equations. The updated dielectric function can be used to illustrate
various dispersion properties of twisted plasma modes in the astrophysical and
laboratory environment. In the coming chapters, we will obtain dispersion
relations, Landau damping of the waves, growth of the instabilities and their
conditions from the modified dielectric function, which is obtained in this
chapter.
The results presented in this chapter are based on the following
publication of the candidate.
• Kashif Arshad, M. Lazar, Shahzad Mahmood, Aman-ur-Rehman and S.
Poedts (2017), "Kinetic study of electrostatic twisted waves instability in
non-thermal dusty plasmas", Phys. Plasmas 24, 033701.
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2.1 Basic Equations
This section defines the basic dynamical expressions of kinetic theory for
the electrostatic twisted waves having non-planar (helical) wave front in the
presence of electric field carrying orbital angular momentum. The standard
Vlasov equation is used to obtain the distribution function fα(r,v, t) of non-
Maxwellian Lorentzian distributed twisted waves. The Greek letter α is the
index of the particle species in the plasmas. By perturbation analysis, we
can write the distribution function fα(r,v, t) in terms of its unperturbed or
background part fα0 and a perturbed part f̂α such that fα = fα0 + f̂α. After
applying the perturbation, we can write the linearized Vlasov equation in the
following manner;
(
∂
∂t
+ v · ∂
∂r
)
f̂α = qαE · ∂fα0
∂pα
, (2.1)
where pα denotes the momentum of the α-species and E corresponds to the
electric field. The momentum and electric field are defined by the expression;
pα = mαv and E = −∇ϕ. We will consider the linearized Poisson equation
to manipulate the non-planar (helical) electric field carrying orbital angular
momentum (OAM), which is given as;
∇2ϕ = 4pi
∑
α
qα
∫
fˆα(v)dv. (2.2)
If we assume that the amplitude of the twisted electrostatic wave varies slowly
along the z-axis i.e., exp(ikz), then we can write;
∇2ϕ = (∂2⊥ − k2 + 2ik∂z)ϕ, (2.3)
where ∂2⊥ is the transverse Laplace operator. In cylindrical coordinates, the
transverse Laplace operator can be expressed as;
∂2⊥ =
1
r
∂
∂r
(
r
∂
∂r
)
+ 1
r2
∂2
∂θ2
. (2.4)
Here, we used the condition for the slow variation of the longitudinal field,
namely ∂2zϕ ≪ 2k∂zϕ. If this condition is satisfied, the orbital angular
momentum is inherited by the waves correlative to the potential ϕ. The paraxial
equation for such waves has the following form;(
∂2⊥ + 2ik∂z
)
ϕ = 0. (2.5)
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For more details about paraxial approximation discussed in Eqs. (2.3-2.5), see
appendix (A). These waves appear if the Poisson equation Eq. (2.2) is satisfied;
− k2ϕ = 4pi
∑
α
qα
∫
fˆα(v)dv. (2.6)
Here, qα is the charge of the α species in the given plasma system. The
equations (2.1-2.6) are the foundation of the non-Maxwellian kinetic theory of
non-planar twisted waves in plasmas with helical electric field carrying orbital
angular momentum.
2.2 Twisted Plasma Dielectric Function
Because of the dielectric function of the twisted plasma we have to initiate our
studies from the solutions of the paraxial equation Eq. (2.5). The superposition
of Laguerre-Gaussian (LG) modes Fpl(r, z) will yield the real solutions of the
paraxial equation Eq. (2.5), cf. Arshad et al. [2017]. Hence, in order to derive
these solutions, the updated potential ϕ(r, t) is drafted as;
ϕ(r, t) =
∑
pl
ϕ˜plFpl(r, z)eilθeikz−iωt. (2.7)
Here p and l are the radial and angular mode numbers, respectively, while ϕ˜pl
specifies the mode amplitude and θ refers to the azimuthal angle. The updated
potential desires the helical electric field to be rephrased in terms of an eﬀective
wave number, keff such that E = −ikeffϕ, which implies the following radial,
azimuthal and longitudinal components of the helical electric field;
Er = −∂ϕ
∂r
= − i
Fpl
∂Fpl
∂r
ϕ, (2.8)
Eθ = −1
r
∂ϕ
∂θ
= − il
r
ϕ, (2.9)
and
Ez = −∂ϕ
∂z
= −
(
ik + 1
Fpl
∂Fpl
∂z
)
ϕ. (2.10)
The components Er, Eθ and Ez confirm the helical configuration of the
electric field exhibiting non-planar wave fronts along the longitudinal direction.
However, the axial component of the electric field is still dominant due to the
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paraxial approximation. By combining all the components given in Eqs. (2.8),
(2.9) and (2.10), we can express the eﬀective wave number keff as;
keff = − i
Fpl
∂rFpler +
l
r
eθ +
(
k − i
Fpl
∂zFpl
)
ez. (2.11)
In order to solve the Vlasov-Poisson equation for the twisted waves, the
perturbed distribution function is decomposed into the Laguerre-Gaussian (LG)
modes such that,
f˜α(v) =
∑
pl
f˜pl(v)Fpl(r, z)eilθeikz−iωt. (2.12)
By substituting the perturbed distribution function from Eq. (2.12) into the
Vlasov equation (2.1). After applying a product operation on the obtained
expression with Fpl and then performing an integration with respect to r dr,
we obtain;
f˜pl =
∑
α
qα
mα
ϕ˜pl
(x+ iy) (qeff · ∂vfα0) , (2.13)
where the terms x, y and qeff can be defined as
x =(ω − kvz)− lqθvθ, (2.14)
y =(qrvr + qzvz) ,
and
qeff = −iqreˆr + lqθeˆθ + (k − iqz) eˆz. (2.15)
Here, the parameters qj and qθ are defined as
qj =
∞∫
0
Fpl∂jFplrdr, (2.16)
qθ =
∞∫
0
F 2pldr,
where (j = r, z). The dielectric function ϵ(ω, k, lqθ) for the twisted plasmas
can be deduced if the decomposed perturbed distribution function f˜pl from
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Eq. (2.13) is substituted in the Poisson equation (2.6). We can write the plasma
dielectric function ϵ(ω, k, lqθ) for the twisted electrostatic waves as follows,
ϵ(ω, k, lqθ) = 1 + χα(ω, lqθ, k), (2.17)
where χ(ω, k, lqθ) denotes the susceptibility of electrostatic waves in twisted
plasma, which is defined as
χ(ω, k, lqθ) =
∑
α
ω2pα
k2
∫ qeff · ∂vf0α
(ω − qeff · v)dv, (2.18)
where ωpα =
√
4pin2α0q2α/mα denotes the plasma frequency of the α species.
The dielectric function for the twisted waves in equation (2.17) is analogous
to the conventional one for planar waves, but due to the fact that the electric
field is carrying orbital angular momentum, some additional terms indicating
the contribution of the azimuthal wave number lqθ.
The resonance condition is also modified in the presence of a helical electric
field. Therefore, we can write the modified condition of the Landau resonance
from Eq. (2.18) in the following form,
ω = kvz + lqθvθ ± i (qrvr + qzvz) . (2.19)
To interpret the modified resonance condition, we can neglect the imaginary
part y = (qrvr + qzvz). This is justified only when |qr|, |qz| ≪ |qθ| is satisfied.
By considering the real part of Eq. (2.19) only, we can write the modified
expression of the Landau resonance for the unmagnetized twisted waves in the
following way;
ω = kvz + lqθvθ, (2.20)
which is analogous to the Landau cyclotron resonance for the magneto-plasma
case considered by Alexandrov et al. [1984]. By introducing the modified
resonance condition, we can replace the denominator of the integrand in the
expression of the plasma susceptibility, described in Eq. (2.18), by Eq. (2.20):
interpreting the resonance condition of twisted waves in the presence of helical
electric field. Hence, the plasma susceptibility can be presented as;
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χ(ω, lqθ, k) =
∑
α
ω2pα
k2
∫ qeff · ∂vf0αdv
(ω − kvz − lqθvθ) · (2.21)
Next, we want to introduce the general form of the plasma dispersion function
Zκ,lqθ (ξzα, ξθα) for the unmagnetized twisted waves. The dielectric function
ϵ(ω, k, lqθ) in Eq. (2.17) can also be defined in terms of the plasma dispersion
function Zκ,lqθ (ξzα, ξθα), namely as follows:
ϵ(ω, k, lqθ) = 1 +
∑
α
ω2pα
k2
Zκ,lqθ (ξzα , ξθα), (2.22)
where the plasma dielectric function for the twisted waves Zκ,lqθ (ξzα, ξθα) is
given as;
Zκ,lqθ (ξzα, ξθα) =
∑
α
∫ qeff · ∂vf0αdv
(ω − kvz − lqθvθ) · (2.23)
We can simplify the above expression of the plasma dispersion function for
the twisted waves by using the value of qeff from Eq. [2.15] in the following
manner:
Zκ,lqθ (ξzα, ξθα) =
∑
α
∫ (
∂f0α/∂vz
uz − vz dvz +
∂f0α/∂vθ
uθ − vθ dvθ
)
, (2.24)
where the variables ξzα and ξθα in the plasma dispersion function Zκ,lqθ (ξzα, ξθα)
are defined as
ξzα = uz/θα; ξθα = uθ/θα, (2.25)
which have been simplified by introducing the values of uz and uθ, namely
uz =
(
ω
k
− lqθvθ
k
)
, (2.26)
uθ =
(
ω
lqθ
− kvz
lqθ
)
. (2.27)
In the limit lqθ → 0, the plasma dispersion function presented in Eq. (2.23),
switches to the non-twisted (planar) case.
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2.3 The Laguerre-Gaussian (LG) modes
The Laguerre-Gaussian (LG) modes Fpl(r, z) are defined by Arshad et al. [2017]
as
Fpl(r, z) =
1
w(z)CplX
|l|L|l 1|p (X) exp (−X/2) , (2.28)
where X = r2/w2(z), such that w(z) is the beam waist (see appendix B).
Here, the integers p and l correspond to the radial and angular mode numbers,
respectively.
We can define the normalization constants Cpl and the associated Laguerre
polynomials L|l|p (X) by the following expressions
Cpl =
√
(l + p)!/4pip!, (2.29)
and
L|l|p (X) =
exp(X)
p!X
dp
dXp
[
X l+p exp(−X)] . (2.30)
The orthogonality condition for the Laguerre-Gaussian (LG) modes is given by
the equation,
⟨Fp′l′ | Fpl⟩ =
2pi∫
0
dθ
∞∫
0
rdrFp′l′Fpl exp [i (l − l′) θ] = δpp′δll′ , (2.31)
where θ denotes the azimuthal angle.
2.4 Twisted Lorentzian distributed drifted plasma
dispersion function
Consider the general form of the plasma dispersion function for the twisted
waves described by Eq. 2.24:
Zκ,lqθ (ξz, ξθ) =
∫ [
dvz
uz − vz
∂f0
∂vz
+ dvθ
uθ − vθ
∂f0
∂vθ
]
, (2.32)
where f0 is an isotropic drifted generalized Lorentzian or Kappa distribution
function, which can be defined in cylindrical coordinates as:
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f0α = Aκ
[
1 + v
2
r + v2θ
κθ2α
+ (vz − vd)
2
κθ2α
]−κ−1
. (2.33)
Here α is the species index, vd is the drift velocity along the longitudinal
direction, while the normalization constant Aκ and the Lorentzian velocity
of the particle θα are defined as follows:
Aκ =
1
pi3/2θ3ακ
3/2
Γ(κ+ 1)
Γ(κ− 1/2) , (2.34)
and
θα =
√(
2κ− 3
κ
)
Tα
mα
, (2.35)
respectively. To solve the general equation for the drifted plasma dispersion
function Eq. (2.32) for the Lorentzian distributed twisted waves, we take partial
derivatives of the drifted isotropic Lorentzian distribution function Eq. (2.33)
with respect to the longitudinal and azimuthal velocities (i.e., ∂f0/∂vz and
∂f0/∂vθ). By replacing the values of the partial derivatives, we can write the
drifted plasma dispersion function Zκ,lqθ (ξz, ξθ) in the form of two integrals
(Gradshteyn and Ryzhik [2007]);
Zκ,lqθ (ξz, ξθ) = I1 + I2, (2.36)
where the first integral I1 is specified as;
I1 =
2 (κ+ 1)
κθ2α
Aκ
∞∫
−∞
∞∫
−∞
∞∫
−∞
dvrdvθdvz
(vz − vd)
(vz − uz) (2.37)
×
[
1 + v
2
r + v2θ
κθ2α
+ (vz − vd)
2
κθ2α
]−κ−2
,
and the second integral I2 is configured as
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I2 =
2 (κ+ 1)
κθ2α
Aκ
∞∫
−∞
∞∫
−∞
∞∫
−∞
dvrdvθdvz
vθ
(vθ − uθ) (2.38)
×
[
1 + v
2
r + v2θ
κθ2α
+ (vz − vd)
2
κθ2α
]−κ−2
.
The integration of the first integral I1 with respect to radial and azimuthal
components of velocities (i.e., dvr and dvθ) can very easily be performed by
applying standard integral identities. This yields the following solutions after
performing the integration:
I1 =
2 (κ+ 1)
κθα
Aκ
√
pi
√
κΓ (κ+ 3/2)
Γ (κ+ 2)
∞∫
−∞
∞∫
−∞
(vz − vd)
(vz − uz) (2.39)
×
[
1 + v
2
θ
κθ2α
+ (vz − vd)
2
κθ2α
]−κ−3/2
dvθdvz ,
and
I1 =
2 (κ+ 1)Γ (κ+ 1)
Γ (κ+ 2) piAκ
∞∫
−∞
(vz − vd)
(vz − uz) (2.40)
×
[
1 + (vz − vd)
2
κθ2α
]−κ−1
dvz ,
One may apply the following standard integral identities (Gradshteyn and
Ryzhik [2007]) to calculate the solutions of I1 with respect to a given variable:
∞∫
0
e−(1+U)ttκ+1dt = Γ (κ+ 2)
(1 + U)κ+2
, (2.41)
and
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∞∫
0
e−(1+u)ttκ+1/2dt = Γ (κ+ 3/2)
(1 + u)κ+3/2
. (2.42)
Finally, we will equate the first integral with respect to longitudinal component
of the velocity dvz. The reported solution can be written in the form
I1 =
2
θ2α
[
2 (κ− 1)
2κ + ξzZ
∗ (ξz)
]
. (2.43)
We can solve the second integral I2 in a similar way. The thus obtained solution
is analogous to the longitudinal one, namely
I2 =
2
θ2α
[
2 (κ− 1)
2κ s+ ξθZ
∗ (ξθ)
]
, (2.44)
where the longitudinal Z∗ (ξz) and azimuthal Z∗ (ξθ) components of plasma
dispersion function (Swanson [2003], Schindler [2007]) of Lorentzian distributed
twisted waves are drafted in the following scheme
Z∗ (ξz) =
1√
pi
Γ (κ+ 1)
κ3/2Γ (κ− 1/2)
∞∫
−∞
dςz
(ςz − ξz)
[
1 + ς
2
z
κ
]−κ−1
, (2.45)
and
Z∗ (ξθ) =
1√
pi
Γ (κ+ 1)
κ3/2Γ (κ− 1/2)
∞∫
−∞
dςθ
(ςθ − ξθ)
[
1 + ς
2
θ
κ
]−κ−1
, (2.46)
where
ςz =
(vz − vd)
θα
, (2.47)
ξz =
(uz − vd)
θα
, (2.48)
ςθ =
(vθ − vd)
θα
, (2.49)
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and
ξθ =
(uθ − vd)
θα
. (2.50)
By substituting the value of I1 and I2 in Eq. (2.36), we obtain the final form
of the non-Maxwellian (Kappa distributed) plasma dispersion function with
electric field carrying orbital angular momentum, given as
Zκ,lqθ (ξz, ξθ) =
2
θ2α
[
2(κ− 1)
κ
+ ξzZ∗(ξz) + ξθZ∗(ξθ)
]
, (2.51)
which is the most compact form of the plasma dispersion function Zκ,lqθ (ξz, ξθ)
for the Lorentzian distributed twisted waves. By using the limit κ → ∞ in
Eq. (2.51), the plasma dispersion function for the Kappa distributed twisted
waves transforms into the following relation
ZM ,lqθ (ξz, ξθ) =
2
v2T α
[
2 + ξzZ∗(ξz) + ξθZ∗(ξθ)
]
, (2.52)
where ZM ,lqθ (ξz, ξθ) corresponds to the plasma dispersion function for the
situations in which we have Maxwellian distributed plasmas carrying orbital
angular momentum.
2.5 Summary and discussion
By substituting the expression of twisted plasma dispersion function Zκ,lqθ (ξz, ξθ)
from Eq. (2.51) into the twisted dielectric function ϵ(ω, k, lqθ) defined in
Eq. (192), we have obtained
ϵ(ω, k, lqθ) = 1 +
∑
α
2ω2pα
k2θ2α
[
2(κ− 1)
κ
+ ξzZ∗(ξz) + ξθZ∗(ξθ)
]
, (2.53)
which is valid only for isotropic plasmas. In case the plasma has a temperature
anisotropy, the above expression of twisted dielectric function can be written
as follows:
ϵ(ω, k, lqθ) = 1 +
∑
α
2ω2pα
k2θ2α
[
2(κ− 1)
κ
+ ξzZ∗(ξz) + ξθZ∗(ξθ)
]
. (2.54)
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The above expression of the non-Maxwellian distributed twisted dielectric
function ϵ(ω, k, lqθ) is analogous to the usual non-Maxwellian distributed
dielectric function ϵ(ω, k) with an additional factor, viz. ξθZ∗(ξθ). This
factor appears when we decompose the perturbed distribution function and
helical electric field into their longitudinal (planar) and azimuthal (non-
planar) components by employing the Laguerre-Gaussian (LG) modes. The
longitudinal component illustrates the spatial description of the mode/wave
while the azimuthal component deals with the phasor picture of helical or non-
planar wave fronts of the mode carrying orbital angular momentum. The phasor
or azimuthal component is basically responsible for originating the twisting
eﬀect in the various modes in the presence of helical electric field carrying
orbital angular momentum.
Chapter 3
Twisted Langmuir Waves
In this chapter, the Landau damping of Langmuir twisted modes is investigated
in the presence of orbital angular momentum1 of a helical (twisted) electric
field in plasmas with kappa distributed electrons. The perturbed distribution
function and helical electric field are considered to be decomposed in terms
of Laguerre-Gaussian mode functions defined in cylindrical geometry. This
leads to the Vlasov-Poisson equation which is solved analytically to obtain the
weak damping rates of the Langmuir twisted waves in a nonthermal plasma.
The strong damping eﬀects of the Langmuir twisted waves at wavelengths
approaching the Debye length are also obtained by using an accurate numerical
method and are illustrated graphically. The damping rates of planar Langmuir
waves are found to be larger than those of the twisted Langmuir waves. By
comparison with previous or existing (published) results, the present results
show the opposite behavior of the damping rates for the twisted Langmuir
waves. The reason for this discrepancy may be typos in the expression of the
Landau damping rate obtained by Mendonca [2012] and the same expression
may have been used by the author for plotting the results.
The contents of this chapter is based on the research results published
by Kashif Arshad, Aman-ur-Rehman (2015), ’Landau damping of Langmuir
twisted waves with kappa distributed electrons’, Phys. Plasmas 22, 112114.
1The orbital angular momentum (OAM) of a Langmuir mode is the component of angular
momentum of a Langmuir mode that is dependent on the field phasor distribution, and not
on the polarization of the mode.
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3.1 Dielectric Function of Twisted Langmuir Waves
In this section, we consider suprathermal electrons that are well described
by the generalized Lorentzian or Kappa distribution function to study twisted
Langmuir waves in the presence of a helical electric field carrying orbital angular
momentum. By using the twisted plasma dispersion function defined in Eq.
(2.51) of second chapter, we can write the following expression of the dielectric
function for the twisted Langmuir waves as follows;
ϵ(ω, k, lqθ) = 1 +
2ω2pe
k2θ2e
[
2κe − 1
κe
+ ξzeZ(ξze) + ξθeZ(ξθe)] , (3.1)
where Z(ξze) [ Z(ξθe)] denotes the planar [non-planar] dispersion function of
electrons where
ξze =
1
θe
ω
k
; ξθe =
1
θe
ω
lqθ
. (3.2)
The second RHS term in expression 3.1 for the dielectric function denotes the
susceptibility of electrons χe, so that the dielectric function can be written in
the following manner ϵ(ω, k, lqθ) = 1 + χe. For the twisted Langmuir waves,
we will expand the dispersion function in the higher limit of the phase velocity
and the lower limit of the electron Lorentzian thermal velocity for the planar
and nonplanar cases such that ξz, ξθ ≫ 1. In this limit, the susceptibility
of the electrons can be approximated by the following analytical form (using
the approximations of the plasma dispersion function in Eqs. (2.17-2.53), of
Chapter 2);
χe =
2ω2pe
k2θ2e
[
−12
k2θ2e
ω2
(
1 +
k2θ2
e
ω2
3κ
2κ− 3
)
(3.3)
+ i
√
pi
κ!
κ3/2Γ (κ− 1/2)
1
θe
ω
k
[
1 + ω
2
κk2θ2e
]−κ−1
− 12
l2q2θθ
2
e
ω2
(
1 +
l2q2θθ
2
e
ω2
3κ
2κ− 3
)
+i
√
pi
κ!
κ3/2Γ (κ− 1/2)
1
θe
ω
lqθ
[
1 + ω
2
κ2q2θθ
2
e
]−κ−1]
.
The dielectric function ϵ(ω, k, lqθ) contains real and imaginary parts such that
it can be written as ϵ(ω, k, lqθ) = Re[ϵ(ω, k, lqθ)] + i Im[ϵ(ω, k, lqθ)]. Here,
DISPERSION RELATION 29
ω = ωr + iγ, where ωr corresponds to the temporal frequency of the wave and
γ < 0 corresponds to the (Landau) damping rate.
3.2 Dispersion Relation
The expression for ωr can be obtained by equating the real part of the dielectric
function ϵ(ω, k, lqθ) to zero, which yields
ω2r = ω2pe
[(
1 + 1Υ2
)
+ 3κ(2κ− 3)
k2θ2∥e
ω2r
(
1 + 1Υ4
)]
(3.4)
The second term on the RHS is much smaller than the first term on the RHS.
By using the first term on the RHS as the value of ω2r in the second term on
the RHS, we obtain the following modified dispersion relation
ω2r = ω2pe
(
1 + Υ2
)
Υ2 +
3κk2θ2∥e
(2κ− 3)
(
1 + Υ4
)
Υ2 (1 + Υ2) , (3.5)
where Υ = k/lqθ. The above equation constitutes the dispersion relation for
electron plasma waves in a helical (twisted) electric field with Kappa distributed
nonthermal electrons. Notice that in the limiting cases of the Lorentzian plasma
with planar wave-fronts (i.e., limit lqθ = 0) and Maxwellian plasma (i.e. in the
limit κ→∞) with helical wave fronts (i.e., with lqθ ̸= 0), the above dispersion
relation Eq. (3.5) reproduces exactly to the one shown in Eq. (6.28) by Nicolson
[1967] and that derived by Mendonca (2012), respectively.
3.3 Landau Damping Rates
The weak Landau damping rate γ ≪ ωr for electron plasma waves with Kappa
distributed electrons in the presence of twisted electric field can be obtained
from the Cauchy relation γ = − [Im(ϵ)/ (∂Re(ϵ)/∂ω)]ω=ωr given in section 6.5
of Nicholson [1983]. Using the respective values of Im(ϵ) and Re(ϵ) in the
expression of γ, we obtain
γ = −
√
piω4rΥ2
k3θ3∥e (1 + Υ
2) (γz + γθ), (3.6)
where γz denotes the conventional damping factor as appears in the planar
electric field case for nonthermal Kappa distributed electrons and γθ represents
the contributions to the damping due to the helical (twisted) electric field with
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Kappa distributed electrons. The latter are explicitly shown by the following
expressions (Arshad et al. [2015])
γz =
Γ (κ+ 1)
κ3/2Γ (κ− 1/2)
(
1 + ω
2
r
κk2θ2∥e
)−κ−1
, (3.7)
and
γθ =
Γ (κ+ 1)Υ
κ3/2Γ (κ− 1/2)
(
1 + Υ2 ω
2
r
κk2θ2∥e
)−κ−1
. (3.8)
In the Maxwellian electron plasma limit, i.e. κ → ∞, the damping rate takes
the same form as the one provided by [Mendonca, 2012].
In the limit, of a small azimuthal wave number approaching to zero, i.e. lqθ → 0
orΥ→∞, we will obtain the same results as that of the plane wave electric field
perturbations. To understand this, we have to analyze the terms containing Υ
in Eqs. (3.6) and (3.8). In the limit Υ→∞, the power term in Eq. ( 3.8) decays
very quickly to zero, which results in the vanishing of γθ (i.e. the damping due
to azimuthal wave number) from Eq. (3.6). Also in the limit Υ→∞, we have
lim
Υ→∞
Υ2
1 + Υ2 = 1, (3.9)
in Eq. (3.6), and gives the damping rate of the Langmuir wave as follows
γ = −
√
piω4r
k3θ3∥e
Γ (κ+ 1)
κ3/2Γ (κ− 1/2)
(
1 + ω
2
r
κk2θ2∥e
)−κ−1
, (3.10)
which is the expression obtained in the absence of orbital angular momentum
of the electric field perturbations in nonthermal Kappa distributed electrons
plasma. Here, in Eqs. (3.6-3.10), ωr = ωpe
√
(1 + Υ2) /Υ2 has been
used for further study under the assumption that ω2pe
(
1 + Υ2
)
/Υ2 ≫
3k2v2T∥e
(
1 + Υ4
)
/Υ2
(
1 + Υ2
)
.
From equation (3.6), we obtain the following normalized weak damping rate of
the Langmuir twisted waves with Kappa distributed electrons:
γ
ωr
= −
√
pi
k3λ3De
(
1 + Υ2
)1/2
Υ
κ3/2
(2κ− 3)3/2
(γz + γθ), (3.11)
where the simplified forms of the conventional damping factor γz and twisted
damping factor γθ can be written as follows
γz =
Γ (κ+ 1)
κ3/2Γ (κ− 1/2)
(
1 +
(
1 + Υ2
)
Υ2 (2κ− 3)
1
k2λ2De
+ 3(2κ− 3)
(
1 + Υ4
)
Υ2 (1 + Υ2)
)−κ−1
,
(3.12)
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and
γθ =
Γ (κ+ 1)Υ
κ3/2Γ (κ− 1/2)
(
1 +
(
1 + Υ2
)
(2κ− 3)
1
k2λ2De
+ 3(2κ− 3)
(
1 + Υ4
)
(1 + Υ2)
)−κ−1
,
(3.13)
respectively.
3.4 Numerical results and discussion
In this section, the weak damping rates of twisted Langmuir waves for
nonthermal Kappa distributed electrons plasma are plotted as described in
Eq. (3.11) with the conventional damping factor(3.12) and the twisted damping
factor (3.13), respectively. It can be seen that the damping rate of the twisted
Langmuir wave is weak for wavelengths longer than the Debye length for a
fixed Kappa. As the wavelength of the wave decreases, the damping rate
increases rapidly and it becomes strong as the wavelength approaches the Debye
length. The expression obtained for weak damping eﬀects, i.e. Eq. (3.6), is
valid for longer wavelengths in comparison with the Debye length and it fails
when the wavelength of the wave approaches the Debye length. Therefore, in
order to derive the plots for strong damping rates of the Langmuir twisted
waves, the exact numerical solutions are obtained from Eq. ( 3.1) by putting
ϵ(ω, k, lqθ) = 0. These plots are also shown in this section. In order to find
the imaginary roots (or ’damped’ roots) of the wave frequency from Eq. (3.1),
the well known Newton Raphson Method (Iserles, 2009) has been applied. The
obtained results are discussed below
Figures 3.1 (a) and (b) present the plots of the analytical results and of the
obtained ’exact’ numerical values of the normalized Landau damping rates γ/ωr
vs the normalized wave number of the twisted Langmuir waves at diﬀerent
values of the azimuthal wave number lqθ for the Maxwellian electron plasma
case, i.e. κ→∞. In particular, the normalized Landau damping rates γ/ωr are
plotted using three distinct values of Υ = k/lqθ, namely (i) for an azimuthal
wave number lqθ greater than the parallel wave number k such that Υ = 0.5,
(ii) when the azimuthal wave number lqθ is equal to the parallel wave number
k such that Υ = 1, and (iii) for an azimuthal wave number lqθ less than the
parallel wave number k such that Υ = 1.5. It can be seen from these figures
that the Landau damping rate of the twisted Langmuir waves is smaller for
Υ > 1 in comparison to the case Υ < 1. It can also be seen from Figs. 3.1
(a) and (b) that the damping rate of the Langmuir twisted wave is larger for
the case Υ < 1 and then smaller for Υ > 1 and it has an even lower value for
Υ = 1 case in comparison with each other respectively. The physical reason
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Figure 3.1: (a) The normalized Landau damping rate γ/ωr are obtained
analytically from the description in Eqs. (3.11-3.13), (b) the ’exact’ numerical
results are obtained from Eq. (3.1) by putting ϵ(ω, k, lqθ) = 0 against the
normalized wave number kλDe, for the twisted Langmuir modes using diﬀerent
values of Υ = k/lqθ. The case shown applies to that of Maxwellian distributed
electrons, i.e. at κ = 100.
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for the high(er) damping rates for the Υ < 1 case corresponds to the large
number of particles taking energy from the wave in that case. This means that
the Landau damping rates of the twisted Langmuir waves is greater for larger
values of the azimuthal wave number lqθ, and less for the smaller values of the
azimuthal wave number lqθ in comparison to the parallel wave number k. But
when the azimuthal wave number lqθ and parallel wave number k are equal,
such that Υ = 1, the wave-particle interaction is least in comparison to the
cases Υ > 1 and Υ < 1. The damping rate of the planar Langmuir wave is also
plotted in the same figure in which the azimuthal wave number lqθ → 0 so that
Υ→∞. It is found that the damping rate of the Langmuir wave is much larger
in case of a planar wave electric field in comparison with a twisted electric field
containing orbital angular momentum. This result is quite diﬀerent from the
one obtained by [Mendonca, 2012] as shown in figure 3 which shows the lower
value of the damping rate for the planar electric field case. It can also be seen
from Eq. (3.5) that in the presence of azimuthal wave number, i.e. with finite
value of Υ, the value of ωr increases in comparison with ωr for a plane wave
electric field perturbation at large values of Υ which decreases the damping
rate of the twisted wave as is clear from Eqs. (3.11-3.13).
It must be noted though here that our model does not remain valid in the
limit Υ → 0. Now, we will compare the results of the analytical plots in
Fig. 3.1(a)with the exact numerical plots shown in Fig. 3.1(b). The analytical
results for weak damping rates are plotted in Fig. 3.1(a) and when the value
of the normalized wave number kλDe reaches about 0.60, the damping profiles
start to show a rising trend instead of decreasing, which deviates from the
physical interpretation of the increasing damping rate of the wave. This is due
to the fact that we have employed weak damping approximations for obtaining
the analytical results of Landau damping of twisted Langmuir waves. Hence,
after kλDe = 0.60, the analytical results obtained are not able to explain well
the Landau damping rate of the Langmuir twisted modes. Therefore, the exact
numerical results are also calculated and shown in Fig. 3.1(b) for the same cases
as in Fig. 3.1(a). It can be seen that the damping rates of the twisted Langmuir
waves for the above cases of azimuthal wave number lqθ are obtained in the
exact numerical study with the increase in the wave number and the curves
do not cross each other, which does appear, however, in the plots shown in
Fig. 3.1(a) obtained through the analytical study.
In figures 3.2(a) and (b) the eﬀect of the azimuthal wave number lqθ on
the analytical and exact numerical results of normalized Landau damping
rates γ/ωr of the twisted Langmuir waves is shown for a nonthermal Kappa
distributed electrons plasma, i.e. κ = 5. We have again taken into account the
eﬀect of the azimuthal wave number lqθ defined in terms of Υ = k/lqθ = 0.5,
1 and 1.5, respectively and also the planar wave case with Υ → ∞, but now
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Figure 3.2: (a) The normalized Landau damping rate γ/ωr are obtained
analytically from the description in Eqs. (3.11-3.13) and (b) the ’exact’
numerical results are obtained from Eq. (3.1) by putting ϵ(ω, k, lqθ) = 0 against
the normalized wave number kλDe, for the twisted Langmuir modes using
diﬀerent values of Υ = k/lqθ. The case shown applies to that of nonthermal
Kappa distributed electrons, i.e. at κ = 5.
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a spectral index κ = 5 has been taken for the nonthermal Kappa distributed
electrons. It can be observed that the magnitude of the twisted Langmuir waves
damping rate in the nonthermal electrons case is larger for Υ < 1 in comparison
with the Υ > 1 and Υ = 1 cases, which indicates that more particles are taking
energy in the Υ < 1 case in comparison to the Υ > 1 and Υ = 1 cases, as
happened in the Maxwellian electrons plasma case (Fig. 3.1). In addition, the
damping rate of the planar Langmuir wave is also plotted in the same figure
in which the azimuthal wave number lqθ → 0 so that Υ → ∞ at κ = 5.
It is found that the damping rate of the Langmuir wave is much larger in the
case of a planar wave electric field in comparison with that for a twisted electric
field containing orbital angular momentum for a nonthermal Kappa distributed
electrons plasma. The damping rate profiles shown in Fig. 3.2 (a) deviate from
the original path of having a trend of increasing damping rate at large values
of kλDe and cross each other at about kλDe = 0.60 and shows from that point
onwards a decreasing trend instead of an increasing trend. In order to resolve
this issue, the ’exact’ numerical results are included in Fig. 3.2 (b), which shows
the strong damping rate behavior of the Langmuir twisted and planar waves in
non-Maxwellian plasmas as the wavelength of the Langmuir wave approaches
to the Debye length in the plasma.
Analytical Results
Numerical Results
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Figure 3.3: A comparative plot of the analytical and normalized results of the
Landau damping rate γ/ωr versus the normalized wave number kλDe .
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Figure 3.3 shows a comparison of the numerical and analytical results. It can
be seen that for small values of normalized wave number kλDe, the curves of the
Landau damping rates γ/ωr coincide with each other. However, as the value
of the normalized wave number kλDe increases, the curves deviate from each
other. This is due to the fact that the analytical results are obtained in the weak
damping approximation, while the exact numerical results are determined by
the Newton-Raphson method. Therefore, the numerical results remains valid
even in the strong damping region, unlike the analytical result.
Let us now compare the approximative analytical and the exact numerical
results for the damping of the twisted Langmuir wave in the weak damping
region (i.e., for ke ≪ 1). The comparison reveals that curves of the analytical
and the numerical result for the Landau damping rates first coincide for small
values of the normalized wave number. However, as the normalized wave
number increases the curves deviate ever more from each other even in the
weak damping region, i.e. for very small values of γ/ωr. The same discrepancy
seems to occur in the analytical plots of Figures 3.1 and 3.2. The reason for
this is that in Eq. (3.1) the plasma dispersion function Z was needed and we
used Eqs. (2.45) and (2.46) for this where the denominators in the integrands
are expanded only up to the second order term.
Figure 3.4 shows the ’exact’ numerical results for comparison of the normalized
Landau damping rates γ/ωr of the twisted Langmuir waves in a Kappa
distributed Lorentzian plasma (with κ = 3) and a Maxwellian distributed
plasma (i.e. for κ → ∞) at Υ = 1. The figure clearly shows that the solid
curve, which corresponds to the case κ→∞, is above the dotted curve for the
case κ = 3. It is thus evident from this figure that the Landau damping
rate in non-Maxwellian electrons plasma is greater in comparison to the
Maxwellian electrons plasma case. In the non-Maxwellian plasma, the number
of suprathermal particles increases in the tail of the energy distribution function
at smaller value of the spectral index Kappa. Hence, more energetic particles
for the wave-particle interaction are available in the tail of the energy spectrum
to take energy from the Langmuir wave, which results in increasing the damping
rate of the twisted Langmuir wave with Kappa distributed electrons.
3.5 Conclusion
In conclusion, we have studied the damping rates of the Langmuir twisted
waves in nonthermal kappa distributed electrons plasma. The twisted Langmuir
wave in nonthermal electrons plasma is investigated using the Vlasov-Poisson
equation and the plasma dielectric function is derived in the presence of the
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Figure 3.4: The ’exact’ numerical plots of the normalized Landau damping rate
γ/ωr are presented against the normalized wave number kλDe, for the twisted
Langmuir modes, i.e. Υ = k/lqθ = 1 using diﬀerent values of spectral index
Kappa κ.
orbital angular momentum (OAM) of the helical electric field perturbations
with kappa distributed electrons. The perturbed distribution function and
electric field are decomposed into Laguerre-Gaussian (LG) modes described in
cylindrical coordinates. The analytical results for weak damping rates of the
twisted and planar Langmuir waves are obtained and plotted numerically. The
’exact’ numerical results for strong wave damping eﬀects for Langmuir waves
at short wavelength, i.e. when the wavelength approaches the Debye length,
have also been shown for planar as well as for helical (twisted) electric field
perturbations.
The physical explanation of the Landau damping eﬀect considers the phe-
nomenon from an energetic point of view as a result of the interaction of a
plasma wave with particles of nearby velocity. The dominant exchange occurs
with those particles which are trapped by the wave because their velocity is
close to the wave velocity. If the distribution function is a decreasing function
of |v|, then among the trapped particles more are accelerated than that are
decelerated, so the wave loses energy to the plasma and the wave damping
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phenomenon occurs. This damping is extremely weak for large wave numbers
in comparison with the Debye length of the system. Then the question arises
whether this phenomenon holds for infinitely long time. As a matter of fact
the Landau damping eﬀects hold for a long time only when the distribution
of the particles remains close to the original equilibrium value for all times,
which cannot happen because the particle trapping phenomenon occurs at the
resonance and the system does not remain linear for a long time (Schamel [2015],
Mouhot and Villani [2011]). Backus [1960] noticed that both the linear and
nonlinear evolution separate after some time (which is not very long) and then
questions on the validity of the linearization remains (Belmont et al. [2008]).
ÓNeil [1965] argues that relaxation holds in the "quasi-linear regime" on
large time scales, when the "trapping time" (which is proportional to the
inverse square root of the size of the perturbation) is much smaller than the
damping time. Kaganovich [1999] argued that nonlinear eﬀects may aﬀect
Landau damping phenomena by several orders of magnitude. The "quasi-
linear relaxation theory" uses the second-order approximation of the Vlasov
equation to predict the convergence of the spatial average of the distribution
function. This procedure involves an averaging over statistical ensembles
and diﬀusion equations with discontinuous coeﬃcients, acting only near the
resonance velocity for particle-wave exchanges. Because of these discontinuities,
the predicted asymptotic state is discontinuous and collisions are taken into
account to restore the smoothness. Our results, presented in this chapter, are
general and applicable to laser plasma interactions and space plasmas where
the helical electric field perturbations with nonthermal electrons can exist.
Chapter 4
Twisted Ion Acoustic Waves
The kinetic theory of Landau damping of ion acoustic twisted modes is
developed in the presence of orbital angular momentum of the helical (twisted)
electric field in plasmas with Kappa distributed electrons and Maxwellian ions.
The perturbed distribution function and helical electric field are considered
to be decomposed by Laguerre-Gaussian mode functions defined in cylindrical
geometry. The Vlasov-Poisson equation is obtained and solved analytically to
obtain the weak damping rates of the ion acoustic twisted waves in a non-
thermal plasma. The strong damping eﬀects of ion acoustic twisted waves at
low values of the temperature ratio of electrons and ions are also obtained by
using an exact numerical method and illustrated graphically, where the weak
damping wave theory fails to explain the eﬀects properly. The obtained results
on Landau damping rates of the twisted ion acoustic wave are discussed at
various values of the azimuthal wave number and the non-thermal κ parameter
for electrons.
The results presented in the present chapter are based on the following
publications of the candidate:
• Kashif Arshad, Aman-ur-Rehman and Shahzad Mahmood (2016),
"Kinetic study of ion acoustic twisted waves with kappa distributed
electrons", Phys. Plasmas 23, 052107.
• Kashif Arshad, Shahzad Mahmood and Arshad M. Mirza (2011),
"Landau damping of ion acoustic wave in Lorentzian multi-ion plasmas",
Phys. Plasmas 18, 092115.
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4.1 Dielectric Function of Ion Acoustic Twisted
Waves
We can write the plasma dielectric function ϵ(ω, k, lqθ) for the twisted ion
acoustic waves in the presence of Kappa distributed (non-thermal) electrons
in the following way:
ϵ(ω, k, lqθ) = 1 + χe(ω, lqθ, k) + χi(ω, lqθ, k). (4.1)
This is similar to the usual dielectric function with planar electric field
perturbations with an additional factor depending on the azimuthal wave
number lqθ and appearing due to the presence of orbital angular momentum of
the electric field. By using Eqs. (2.51) of the plasma dispersion function given
in Chapter 2 in combination with Eq. (19) from Khan et al. [2014], we can
write the expression of the dielectric function in the following way;
ϵ(ω, k, lqθ) =1 +
2ω2pe
k2θ2e
[
2κe − 1
κe
+ ξzeZκ(ξze) + ξθeZκ(ξθe)] (4.2)
+
2ω2pi
k2v2Ti
[2 + ξziZ(ξzi) + ξθiZ(ξθi)] .
The dispersion functions of the ion acoustic plasma waves in (Eq. (4.2)) with
helical perturbed electric field, Lorentzian electrons and Maxwellian distributed
ions can be expanded under the condition ξθi, ξzi ≫ 1 and ξθe, ξze ≪ 1 (Arshad
et al. [2016], Arshad et al. [2011], Pierrard and Lazar [2010]). Therefore, the
expressions for χe and χi are obtained as follows,
χe =
1
k2λ2De
(κ− 1/2)
(κ− 3/2) −
1
Υ2
1
k2λ2De
+ 2i
√
pi
ωΓ (κ+ 1)
κ3/2Γ (κ− 1/2)
ω2pe
k3θ3e
[
1 + Υ
(
1 + Υ2 ω
2
κk2θ2
e
)−κ−1]
,
and
χi = −
ω2pi
ω2
[
1 +
3k2v2Ti
ω2
]
− ω
2
pi
Υ2ω2
[
1 +
3k2v2T∥i
Υ2ω2
]
+2i
√
pi
ωω2pi
k3v3Ti
[
exp
(
− ω
2
2k2v2Ti
)
+Υexp
(
−Υ2 ω
2
2k2v2Ti
)]
,
DISPERSION RELATION 41
respectively. Here, Υ = k/lqθ. The dielectric function ϵ(ω, k, lqθ) consists of
a real part Re [ϵ(ω, k, lqθ)] and an imaginary part Im [ϵ(ω, k, lqθ)], such that
ϵ(ω, k, lqθ) = Re [ϵ(ω, k, lqθ)] + i Im [ϵ(ω, k, lqθ)], and the temporal angular
frequency of the wave can be written as ω = ωr + iγ.
4.2 Dispersion Relation
The real part ωr of the temporal angular frequency of the given twisted ion
acoustic wave can be calculated from the dispersion relation ϵr = 0 which
yields,
ω2r =
k2C2s(
2 (κ−1/2)(κ−3/2) + k2λ2De
) [(1 + 1Υ2
)
+ 3k
2v2T i
ω2r
(
1 + 1Υ4
)]
, (4.3)
where λ2De =
√
Te/4pin0ee2 denotes the Debye length of the electrons and
Cs =
√
Te/mi is known as the acoustic speed for planar perturbations. By
substituting an approximation of ω2r , obtained form the first and dominant
term on the RHS of the above expression, in the second term on the RHS,
we can write the most simplified form of the plasma dispersion relation of ion
acoustic twisted waves in the following manner:
ω2r =
k2C2s
Υ2
 (1 + Υ2)(
2 (κ−1/2)(κ−3/2) + k2λ2De
) + 3Ti
Te
(
1 + Υ4
)
(1 + Υ2)
 . (4.4)
Here Te and Ti represent temperatures of the electrons and the ions The above
equation presents the dispersion relation of twisted ion acoustic waves in the
presence of Lorentzian electrons and Maxwellian distributed ions. We can
define a new type of ion acoustic speed Cs, µ = CsOAM = Cs/Υ (or twisted
ion acoustic speed) . The Eq. (4.4) is then modified to become
ω2r = k2C2s
OAM
 (1 + Υ2)(
2 (κ−1/2)(κ−3/2) + k2λ2De
) + 3Ti
Te
(
1 + Υ4
)
(1 + Υ2)
 . (4.5)
In the limit κ → ∞, the electrons exhibit a Maxwellian distribution in the
phase space and the above dispersion relation becomes very similar to that
written in Eq. (22) of Khan et al. [2014].
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4.3 Landau Damping Rate
The weak Landau damping rate γ ≪ ωr for ion acoustic plasma waves with
Kappa distributed electrons in the presence of twisted electric field can be
obtained from the Cauchy relation γ = − [Im(ϵ)/ (∂Re(ϵ)/∂ω)]ω=ωr described
in Chapter 3. Using the respective values of Im(ϵ) and Re(ϵ) in the Cauchy
relation, we obtain
γ = −
√
piω4rΥ2
k2ω2pi (1 + Υ2)
[γe + γi] , (4.6)
where γe and γi represent the contributions of the electrons and the ions to the
damping rate, respectively. These satisfy the expressions
γe =
Γ (κ+ 1)
κ3/2Γ (κ− 1/2)
ωr
k
ω2pe
θ3e
[
1 + Υ
(
1 + Υ2 ω
2
r
κk2θ2
e
)−κ−1]
, (4.7)
and
γi =
ωr
k
ω2pi
v3Ti
[
exp
(
− ω
2
r
2k2v2Ti
)
+Υexp
(
−Υ2 ω
2
r
2k2v2Ti
)]
. (4.8)
In the limit of a low azimuthal wave number, approaching zero, i.e. lqθ → 0
or Υ → ∞, we will obtain the same results as for plane wave electric field
perturbations. To understand this, we have to analyze the terms containing Υ
in Eqs. (4.6)-(4.8). For Υ→∞ the power term in Eq. (4.7) and the exponential
term in Eq. (4.8) decays very fast to zero, which results in the vanishing of
second term from γe and γi (i.e. damping due to twisted factor) from the
respective equations.
Also in the limit Υ→∞, the term Υ2/ (1 + Υ2) in Eq. (4.6) equals one. This
results in the following planar damping rate of the ion acoustic wave
γ = −
√
piω4r
k3ω2pi
[
Γ (κ+ 1)
κ3/2Γ (κ− 1/2)
ω2pe
θ3e
+
ω2pi
v3T∥i
exp
(
− ω
2
r
2k2v2Ti
)]
. (4.9)
From equation (4.6), we get the following dimensionless weak damping rate of
the ion acoustic twisted waves with Maxwellian distributed ions and Kappa
distributed electrons:
γ
ωr
= −
√
pi
(
1 + Υ2
)1/2
Υ
(
2 (κ−1/2)(κ−3/2) + k2λ2De
)3/2 [√memi γe + γi
]
, (4.10)
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and also a simplified form of γe and γi, which are obtained in the following
forms
γe =
Γ (κ+ 1)
(2κ− 3)3/2Γ (κ− 1/2)
1 + Υ
1 + me/mi(2κ− 3)θ2
e
(
1 + Υ2
)(
2 (κ−1/2)(κ−3/2) + k2λ2De
)
−κ−1
 ,
(4.11)
and
γi =
(
Te
Ti
)3/2 [
exp
− 1Υ2 TeTi
(
1 + Υ2
)(
2 (κ−1/2)(κ−3/2) + k2λ2De
)
 (4.12)
+Υexp
−Te
Ti
(
1 + Υ2
)(
2 (κ−1/2)(κ−3/2) + k2λ2De
)
].
Remark that in the limit of a very large Υ = k/lqθ (the ratio of the parallel to
the azimuthal wave number) and very large spectral index κ, such that both
Υ→∞ and κ→∞, the obtained Landau damping rate described in Eq. (4.10)
with (4.11) and (4.12) is analogous to that obtain in Alexandrov et al. [1984].
4.4 Numerical results and discussion
In the present section we show and discuss both the weak and strong damping
rates of the twisted ion acoustic wave as a function of the temperature ratio of
electrons to ions β = Te/Ti. The weak damping rate of the wave is obtained
from Eq. (4.10) with (4.11) and (4.12), respectively. The plots for the strong
damping rates of the ion acoustic twisted waves in non-thermal electrons plasma
on the other hand, are obtained from the ’exact’ numerical solutions of Eq. (4.2)
assuming ϵ(ω, k, lqθ) = 0. In order to find the imaginary roots (or damping
roots) of the wave frequency from Eq. (4.2), the well known numerical technique,
namely the Newton Raphson Method (Iserles [2009]), has been used. The
obtained results are discussed below.
Figures 4.1(a) and (b) provides the analytical and ’exact’ numerical normalized
Landau damping rates γ/ωr which are plotted against β = Te/Ti, the ratio of
the electron temperature to the ion temperature, of the twisted ion acoustic
waves at various values of the azimuthal wave number lqθ for the Maxwellian
distributed electrons, i.e. the case of κ → ∞. Here we have considered three
diﬀerent values of Υ = k/lqθ (the ratio of the parallel to the azimuthal wave
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Figure 4.1: (a) The analytical plots of normalized weak damping rates γ/ωr
as obtained from Eqs. (4.10)-(4.12) and (b) the ’exact’ numerical plots of the
strong normalized damping rates γ/ωr obtained from Eq. (4.2) by putting
ϵ(ω, k, lqθ) = 0, plotted against the temperature ratio of electrons to ions β =
Te/Ti, for the twisted ion acoustic modes using diﬀerent values of Υ = k/lqθ.
These are shown here for case of Kappa distributed electrons, i.e. at κ → ∞
and kλDe = 0.1.
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number) to plot the normalized damping rate of the wave vs β, viz. (i) the case
where the azimuthal wave number lqθ is greater than the parallel wave number
k such that Υ = 0.5, (ii) the case when the azimuthal wave number lqθ is equal
to the parallel wave number k such that Υ = 1, and (iii) the case where the
azimuthal wave number lqθ is smaller than the parallel wave number k such
that Υ = 1.5 for the non-planar (azimuthal electric field) cases respectively, and
also for the planar electric field case (iv), so for a very small azimuthal wave
number (so that lqθ ∼= 0) in comparison to parallel wave number k such that
Υ =∞. It can be observed from the figures 4.1(a) and (b) that the normalized
Landau damping rate of the twisted ion acoustic wave γ/ωr is the smallest
for Υ = 1, while there is more (faster) damping for Υ = 1.5 and even more
so for Υ = 0.5 < 1, as compared to each other for the non-planar (azimuthal
electric field) case. The physical reason for the wave damping rate to be large
in the Υ = 0.5 < 1 case seems to be that for a large azimuthal wave number
more number of particles will take energy from the wave and the wave particle
interaction phenomenon increases. Therefore, the damping rate of the wave in
the Υ = 0.5 < 1 case is below that of the Υ = 1.5 and Υ = 1 cases. However,
if we compare the wave damping rate of the twisted wave cases (Υ = 0.5, 1,
1.5) with the planar case (Υ = ∞), the red curve, indicating the planar case,
appears below the curves of the twisted cases, indicating higher damping rate
values for the planar mode in comparison to that of the non-planar (twisted)
ion acoustic mode.
Now we will compare our analytical results to the ’exact’ numerical results for
the twisted ion acoustic wave in non-thermal electrons plasmas. In Fig. 4.1(a),
the plotted curves are obtained for β = 3 through the analytical results
described above. These curves show a growing trend, i.e. γ becomes less
negative, for higher values of β = Te/Ti instead of faster damping, in contrast
with the expected (from physical intuïtion) increasing damping rates of the
ion acoustic wave at low values of the ratio of electron temperature to the
ion temperature. This trend is, in fact, due to the limitation of the analytical
model. As a matter of fact, in order to verify the weak damping approximation,
the ’exact’ numerical results for strong damping rates of twisted ion acoustic
modes are also displayed in figure 4.1(b) for the same values of Υ. In this
figure the growing trend of the damping rate curves at the low values of the
temperature ratio (less than β = 3) is removed, which agrees well with the
increasing strength of the Landau damping phenomenon of twisted ion acoustic
waves at low values of the ratio of electron temperature to the ion temperature.
In figures 4.2(a) and (b) the analytical and ’exact’ normalized Landau damping
rates γ/ωr of the twisted ion acoustic waves are plotted against β = Te/Ti
(the ratio of the electron temperature to the temperature of the ions) like in
Figs. 4.1(a) and (b), but this time for the Kappa distributed electrons, more
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Figure 4.2: The normalized weak Landau damping rate γ/ωr as (a) obtained
analytically from the description in Eqs. (4.10)-(4.12) and (b) ’exact’ numerical
results of the normalized strong Landau damping rate γ/ωr obtained from
Eq. (4.2) by putting ϵ(ω, k, lqθ) = 0. Both are plotted against the ratio of
the electron temperature to the ion temperature β = Te/Ti, for the twisted
ion acoustic modes using diﬀerent values of Υ = k/lqθ for non-Maxwellian
distributed electrons case, i.e. at κ = 3 and kλDe = 0.1.
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precisely for the case κ = 3. We display the Landau damping rates of the
twisted ion acoustic wave for three distinct values of Υ = k/lqθ (the ratio
of the parallel to the azimuthal wave number), i.e. (i) for lqθ > k such that
Υ = 0.5, then (ii) when lqθ = k such that Υ = 1, and finally (iii) for the case
lqθ < k such that Υ = 1.5. These three cases are all non-planar (azimuthal
electric field) cases. Figs. 4.1(a) and (b) also contain a fourth case, viz. the
planar electric field case (iv) for the very small azimuthal wave number (so
that lqθ ∼= 0) in comparison to the parallel wave number k, such that Υ→∞.
It can be observed from Figs. 4.1(a) and (b) that the Landau damping rate is
larger (i.e. γ is more negative) at Υ = 0.5 in comparison to the cases Υ = 1.5
and Υ = 1, at least for β > 5. This is due to the fact that the amount of
particles that can take energy from the ion acoustic wave is larger at Υ = 0.5
in the energy spectrum. That is why the blue dotted curve appears below the
red dot-dashed and the green dashed curves in the figure.
However, when we compare the case lqθ < k (such that Υ = 1.5) with the
case lqθ = k (such that Υ = 1), then we see that the Landau damping rate
of the Υ = 1.5 case is larger than for Υ = 1. This is due to the fact that the
balancing of the parallel and azimuthal wave numbers reduces the wave particle
interaction phenomenon. That also explains why the green dotted curve lies
above the red dot-dashed curve. Now, if we compare the planar case Υ → ∞
with the non-planar cases, i.e. with Υ = 0.5, 1 and 1.5, then the damping rate
corresponding to the planar curve (the red solid line) is again situated below
the non-planar curves.
Comparing the twisted ion acoustic wave damping rate curves of both the
analytical and the ’exact’ numerical results for non-thermal electrons plasma.
it is seen that the analytical curves Fig. 4.2(a) show a growing trend, i.e. become
less negative, instead of increased damping at the values of β ≤ 5, which is not
in accordance with the physical understanding of increasing damping rates
at low values of β = Te/Ti. This behavior, however, is the outcome of the
weak damping approximation employed for obtaining analytical results shown
in figure 4.2(a) for the twisted ion acoustic wave, which is inappropriate in this
case. In order to demonstrate this, and to establishe the more correct physical
behavior throughout the curve, the ’exact’ numerical results of the damping
rates for twisted ion acoustic modes are also displayed in Fig. 4.2(b), and for
the same values of Υ. Indeed, these show a growing trend of the damping
rate curves (corresponding to lower damping rates, i.e. with smaller absolute
values), for the values of the temperature ratio β ≤ 5, which agrees well with
the physical explanation of the Landau damping rate of twisted ion acoustic
wave in non-thermal electrons plasma at low values of β.
Figure 4.3 shows a comparison of the analytical and numerical results for the
twisted ion acoustic waves. It is depicted from the figure that the analytical
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Figure 4.3: The approximative analytical and ’exact’ numerical results of the
normalized weak and strong Landau damping rates γ/ωr are plotted against
the ratio fo the temperature of the electrons to that of the ions β = Te/Ti, for
the twisted ion acoustic modes.
result remains valid in the weak damping region, i.e. for Te ≫ Ti, and exhibits
the true interpretation of the phenomenon of Landau damping. However, as
the strong damping region is approached, the analytical results become invalid,
which can be observed from the deviation of the analytical result in the strong
damping region from the valid numerical results. Clearly, in this limit only
the numerical results interpret correctly the physics of the Landau damping,
resulting in the correct damping rates.
The analysis of the Landau damping rates of the ion acoustic twisted wave
shows that the curves of the exact numerical and approximative analytical
damping rates primarily cross each other at very high values of Te ≫ Ti).
This is the limit in which the analytical solution becomes valid. However, in
Figure 4.3 it can be seen that the two solutions do not converge to exactly
the same value in the weak damping region (i.e., Te ≫ Ti). In fact, the same
discrepancy in the analytical result can also be noticed in Figures 4.1 and 4.2 in
the limit Te ≫ Ti. The physical or rather, mathematical, interpretation of this
discrepancy between the analytical and exact numerical results is again that
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Figure 4.4: The ’exact’ numerical results of the normalized strong Landau
damping rate γ/ωr obtained from Eq. (4.2) by putting ϵ(ω, k, lqθ) = 0 against
the ratio fo the temperature of the electrons to that of the ions β = Te/Ti, for
the twisted ion acoustic modes using diﬀerent values of kλDe, viz. kλDe = 0.9
(blue dashed curve), kλDe = 0.6 (green dashed curve), and kλDe = 0.3 (red
solid curve) at κ = 3 and Υ = k/lqθ = 1.
this gap can be ascribed to the expansion of the respective plasma dispersion
functions up to the second order terms only. That is why the two solutions do
not converge to each other.
Figure 4.4 presents the ’exact’ numerical solutions for the normalized Landau
damping rates γ/ωr displayed versus the temperature ratio β = Te/Ti for the
twisted ion acoustic waves having fixed Kappa distributed electrons, viz. κ = 3,
and a fixed ratio of parallel to azimuthal wave numbers, viz. Υ = 1, and this for
three distinct values of wave number (which is normalized to the electron Debye
length), viz. such that kλDe = 0.3, kλDe = 0.6 and kλDe = 0.9, respectively.
It is obvious from this figure that the damping rate of the twisted ion acoustic
waves is higher for kλDe = 0.9, which is due to the fact that the damping rate
of the wave increases as the wavelength approaches the electron Debye length.
Finally, figure 4.5 provides the comparison of the Landau damping rates
obtained with Maxwellian (κ → ∞) and with a non-Maxwellian or Kappa
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Figure 4.5: The ’exact’ numerical results for the normalized strong Landau
damping rate γ/ωr obtained from Eq. (4.2) by putting ϵ(ω, k, lqθ) = 0, plotted
against the ratio of the electron temperature to the ion temperature β = Te/Ti,
for the twisted ion acoustic modes using diﬀerent values of spectral indices κ,
viz. κ = 3 (green dashed curve), and κ → ∞ (red solid curve) at kλDe = 0.1
and Υ = k/lqθ = 1.
distributed (κ = 3) electrons versus the ratio of electron temperature to the
ion temperature, i.e. β = Te/Ti, of the twisted ion acoustic waves. In this plot,
the green dashed curve appears below the red solid line which clearly indicates
that the Landau damping rate corresponding to the κ = 3 case is higher (i.e.
γ is more negative) than for Maxwellian electrons (i.e. for κ → ∞). This
reveals that the Lorentzian distributed suprathermal electrons absorb more
energy from the twisted ion acoustic wave compared to Maxwellian distributed
electrons because Kappa populations have more energetic electrons in their
tails. We can conclude that the Landau damping of the twisted ion acoustic
waves can markedly increase in the presence of Kappa distributed electrons by
comparison to standard Maxwellian electron distributions.
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4.5 Conclusions
To conclude the work reported in this chapter, we have provided a kinetic
description of the damping rate function of the ratio of the electron temperature
to the ion temperature for the ion acoustic twisted wave in a plasma with non-
thermal Kappa distributed electrons. The twisted ion acoustic waves have been
studied using the Vlasov-Poisson set of equations and the plasma dielectric
function has been derived in the presence of the orbital angular momentum
(OAM) of the helical (non-planar or twisted) electric field perturbations
with Kappa distributed electrons and Maxwellian distributed ions. The
perturbed distribution function and electric field have been decomposed into
Laguerre-Gaussian (LG) modes described in cylindrical coordinates. In this
way, analytical results for weak damping rates of the twisted and planar
ion acoustic waves have been obtained. Moreover, ’exact’ numerical values
have been obtained too and both the approximate analytical values and the
’exact’numerical values have been plotted versus β = Te/Ti for comparison.
The ’exact’ numerical plots for strong damping eﬀects of the twisted ion
acoustic wave at low values of the ratio of electron to ion temperatures have
been derived (using a standard Newton-Raphson method) for the parameter
domain where the weak damping wave theory fails to explain the Landau
damping phenomenon properly.
Our results are applicable to both laser plasma interactions in laboratory
plasmas and space plasmas, where such helical electric field perturbations in
plasmas with non-thermal electrons and thermal ions can exist. Laser heating
of plasmas has been investigated in many experiments and the Landau damping
of ion acoustic waves in deuterium (D+) plasma has been studied at Te = 5Ti
(Hora [1975]). A comparative study of ion acoustic wave damping has been
investigated by analytical as well as by ’exact’ numerical approaches as shown
for instance in Fig. (8.18) of Ref. (Gurnett and Bhattacharjee [2005]) against
Te/Ti. This figure clearly shows that strong ion acoustic wave damping eﬀects
appear when Te = Ti≈1, i.e. when the electron temperature approaches the
ion temperature, a case that can be studied only using a numerical approach.
The electrostatic waves in Saturns magnetosphere (Pedraza [2012]) have been
simulated by particle in cell (PIC) codes. In the case of ordinary electrons, the
dispersion diagrams of ion acoustic wave have been studied with (Te/Ti = 1, 50,
and 100), indicating that the range of temperature ratio (of electron to
ion temperatures, i.e. Te/Ti) varies from 1 to 100. Moreover, the possible
temperature ratios of hot (Th) and cold electrons (Tc) to ion temperatures
(Tc/Ti = 2, 10 and Th/Ti = 200, 1000) have also been discussed. In some space
plasma regions, the ion temperature is reported to be higher in comparison
to the electron temperature, i.e. Te/Ti > 1. In the magnetotail of the Earth,
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qualitative investigations of the proton-electron plasma sheet reported the ion
to electron temperature ratio Te/Ti to be between 4 and 6 (Schriver et al.
[1998]). Also in the solar wind termination shock (Fahr et al. [2015]), the
role of electrons is very important. The interaction of electrons and the shock
electric field causes the distribution of downstream electrons to be non-thermal
(Kappa).
In conclusion, the study presented in this chapter holds for Ti/Te < 1, which
is a valid parameter range for studying twisted ion acoustic waves in many
non-thermal plasmas.
Chapter 5
Dust Ion Acoustic twisted
waves
In the present chapter, the kinetic theory of overstable electrostatic twisted
waves is developed. In the model we consider plasmas with Kappa distributed
electrons, ions, and dust particles and we take into account the presence of
orbital angular momentum of the helical (twisted) electric field. In addition,
the Kappa distributed electrons are considered to have a drift velocity. The
perturbed distribution function and helical electric field are decomposed in
terms of Laguerre-Gaussian mode functions defined in cylindrical geometry.
The Vlasov-Poisson equation is obtained and solved analytically to investigate
the potential sources of instabilities, e.g. the electron drift, temperature
contrast, etc. of the electrostatic twisted waves in a non-thermal dusty plasma.
The growth rates of the dust ion acoustic (DIA) twisted mode are thus obtained
analytically and are also calculated numerically. The instability condition for
the DIA twisted mode is also discussed for diﬀerent plasma parameters. The
growth rates of the DIA twisted modes are larger when the drifted electrons
are non-Maxwellian distributed in the presence of the helical electric field.
The results in the present chapter are based on the following
publications of the candidate.
• Kashif Arshad, M. Lazar, Shahzad Mahmood, Aman-ur-Rehman and
S. Poedts (2017),"Kinetic study of electrostatic twisted waves instability
in nonthermal dusty plasmas", Phys. Plasmas 24, 033701.
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• Kashif Arshad, M. Lazar, and S. Poedts (2017) in press,"Quasi-
electrostatic twisted waves in Lorentzian dusty plasmas", Planetary &
Space Sci., 1-8 (DOI: 10.1016/j.pss.2017.10.013).
5.1 Dielectric function of Dust Ion Acoustic (DIA)
Twisted Modes
The dielectric functions of the quasi-electrostatic twisted (helical) modes in non-
Maxwellian (Kappa) distributed dusty plasmas (containing Kappa distributed
inertialess drifted electrons, dynamic ions and stationary dust particles), i.e.
dust ion acoustic (DIA) twisted modes can be written as (Arshad et al., 2017),
ϵ(ω, k, lqθ) = 1 +
2ω2pe
k2θ2e
[
2κe − 1
κe
+ ξzeZ(ξze) +ξθeZ(ξθe)] (5.1)
+
2ω2pi
k2θ2i
[
2κi − 1
κi
+ ξziZ(ξzi) + ξθiZ(ξθi)]
+
2ω2pd
k2θ2d
[
2κd − 1
κd
+ ξzdZ(ξzd) + ξθdZ(ξθd)
]
.
Here Z(ξzs) and Z(ξθs) are, respectively, planar and azimuthal Kappa
distributed plasma dispersion functions, (s=e for the electrons), (s=i for the
ions) and (s=d for the dust particles). The arguments of these functions have
the following expressions
ξze =
1
θe
(ω
k
− v0e
)
; ξθe =
1
θe
(
ω
lqθ
)
, (5.2)
ξzi =
1
θi
(ω
k
)
; ξθi =
1
θi
(
ω
lqθ
)
,
ξzd =
1
θd
(ω
k
)
; ξθd =
1
θd
(
ω
lqθ
)
.
In the study of DIA twisted modes, the dynamics of ions are more important
than that of heavier dust particles and, thus, here dust particles are considered
to be stationary. Hence, the contribution of the dust comes from the
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background charge neutrality condition, which is given by
n0i = n0e + Zdn0d, (5.3)
where n0i, n0e, and n0d are the background number densities of the Kappa
distributed ions, drifted electrons and stationary dust particles, respectively,
while Zd denotes the charging parameter of the dust particles. Therefore, the
last term in the expression of the dielectric function ϵ(ω, k, lqθ), containing the
contribution of the dust particles, can be neglected. In this way, we obtain
(Baluku and Hellberg [2015])
ϵ(ω, k, lqθ) = 1 +
2ω2pe
k2θ2e
[
2κe − 1
κe
+ ξzeZ(ξze) + ξθeZ(ξθe)] (5.4)
+
2ω2pi
k2θ2i
[
2κi − 1
κi
+ ξziZ(ξzi) + ξθiZ(ξθi)
]
.
By expansion of plasma dispersion function in the limits ξze ≪ 1, ξzi ≫ 1,
ξθi ≫ 1, ξθe ≫ 1, we can calculate the dispersion spectrum and growth rates
of the quasi-electrostatic DIA twisted modes.
5.2 Dispersion relation
In order to formulate the dispersion relation of the DIA twisted waves, we will
equate the real part of the dielectric function, i.e. Re[ϵ(ω, k, lqθ)] to zero. This
yields
ω2r =
ni0
ne0
k2C2s
(1 + k2λ2κe)
[(
1 + 1Υ2
)
+ 3k
2v2T i
ω2r
(
1 + 1Υ4
)]
. (5.5)
By using the same procedure as before, i.e. by inserting the value of ω2r obtained
form the dominant first term on the RHS in the second term on the right-hand
side of above equation, we get
ω2r
ω2pi
=
(
ni0
ne0
)
k2λ2De
Υ2
[(
κe − 3/2
κe − 1/2
)
(5.6)
× 1 + Υ
2
1 + k2λ2κe
+ 3ne0
ni0
Ti
Te
(
1 + Υ4
1 + Υ2
)]
,
where Υ = k/lqθ is the ratio of the longitudinal wave number k to the azimuthal
wave number lqθ, while λκe denotes the modified Debye (screening) length
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which is defined in Eq. [21] of the Baluku and Hellberg [2015], i.e.
λκe =
(
κe − 3/2
κe − 1/2
)1/2
λDe. (5.7)
Remark that in the limit Υ→∞, Eq. [5.6] transforms into Eq. [22] of Baluku
and Hellberg [2015]. By using the charge neutrality condition, we can write
the modified equation for the dispersion relation of the DIA twisted mode as
ω2r =
1
Υ2
k2C2s
(1− ηZd)
[(
κe − 3/2
κe − 1/2
)
1 + Υ2
1 + k2λ2κe
(5.8)
+ 3
√
1− ηZd Ti
Te
(
1 + Υ4
1 + Υ2
)]
.
Here η = nd0/ni0 is ratio of background number densities of dust particles to
ions and Zd is dust charging parameter. By using η = 0, the Eq. [5.8] retains the
expression of Eq. [25] from [K. Arshad, 2016]. Notice that the above dispersion
relation can also be written in terms of the Dust Ion Acoustic speed (CDIA ),
which can be defined as
CDIA = ωpiλDe =
Cs√
1− ηZd
. (5.9)
If the temperature of the electrons is considered to be much larger in comparison
to the temperature of the ions, i.e. when Ti ≪ Te, then using the above
definition of dust ion acoustic speed (CDIA ), the equation [5.8] becomes,
ω2r =
k2C2DIA
Υ2
[(
κe − 3/2
κe − 1/2
)
1 + Υ2
1 + k2λ2κe
]
. (5.10)
In the Maxwellian limit with a large spectral index, the following dispersing
relation is obtained
ω2r =
k2C2DIA
Υ2
[
1 + Υ2
1 + k2λ2De
]
. (5.11)
The above relation provides the dispersion of the DIA twisted wave for
thermally distributed Maxwellian plasmas.
5.3 Growth Rates
The growth rate (γ) can be obtained by substituting the values of real
Re[ϵ(ω, k, lqθ)] and imaginary Im[ϵ(ω, k, lqθ)] parts of the dielectric function
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in the following Cauchy’s relation
γ = − Im[ϵ(ω, k, lqθ)](
∂Re[ϵ(ω,k,lqθ)]
∂ωr
) . (5.12)
By applying the above formula, the growth rate (γ) of the DIA twisted mode
can be expressed in terms of the summation of growth rates due to the
Boltzmanian electrons and dynamic ions as follows,
γ = −
√
piω3rΥ2
ω2pi (1 + Υ2)
[γe + γi] , (5.13)
The normalized growth rates γ/ωr of quasi-electrostatic DIA twisted modes
can be written as
γ
ωr
=
√
pi (κe − 3/2)3/2
(κe − 1/2)3/2 (1 + k2λ2κe)3/2
(
1 + Υ2
)1/2
Υ(1− ηZd)3/2
(5.14)
×
(
(1− ηZd)
√
me
mi
γe −
(
Te
Ti
)3/2
γi
)
.
To highlight the additional eﬀect of orbital angular momentum on the growth
rate of DIA twisted mode, we can split the expressions of γe and γi in terms of
their longitudinal and azimuthal parts. For the electrons, we can write
γe = (γez + γeθ) , (5.15)
where
γez =
κe!
(κe − 3/2)3/2 Γ (κe − 1/2)
(5.16)
×
[ (κe − 1/2)1/2 (1 + k2λ2κe)1/2
(κe − 3/2)1/2
× Υ
√
1− ηZd
(1 + Υ2)1/2
v0e
Cs
− 1
]
,
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and
γeθ =
κe!Υ
(κe − 3/2)3/2 Γ (κe − 1/2)
(5.17)
×
(
1 + Υ2 (κe − 3/2)(2κe − 3) (κe − 1/2)
me
mi
× 1 + Υ
2
(1 + k2λ2κe)
1
(1− ηZd)
)−κe−1
.
and explicitly for the ions in the following manner
γi = (γiz + γiθ) , (5.18)
such that
γiz =
κi!
(2κi − 3)3/2 Γ (κi − 1/2)
(5.19)
×
(
1 + (κe − 3/2)(2κi − 3) (κe − 1/2)
Te
Ti
× 1 + Υ
2
Υ2 (1 + k2λ2κe)
1
(1− ηZd)
)−κi−1
,
and
γiθ =
κi!Υ
(2κi − 3)3/2 Γ (κi − 1/2)
(5.20)
×
(
1 + (κe − 3/2)(2κi − 3) (κe − 1/2)
Te
Ti
× 1 + Υ
2
(1 + k2λ2κe)
1
(1− ηZd)
)−κi−1
.
These expressions of γe and γi in terms of their planar and azimuthal parts are
not simpler because additional terms are appearing in the presence of helical
electric field carrying orbital angular momentum. It is therefore better to
decompose the expression into its longitudinal and azimuthal parts to analyze
the eﬀect of orbital angular momentum on the twisted wave/mode under
consideration. We also use them later on to plot the growth rates of DIA
twisted modes versus the modified normalized Debye length, the azimuthal
wave number, product of number density ratio of dust to ions and dust charging
parameter and the normalized drift velocity, and in the discussion of these plots.
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By applying the limit κ→∞ in the expression for the normalized growth rate
Eq.(5.14), we can obtain the results of the Maxwellian plasmas . These can be
written as
γ
ωr
=
√
pi
(1 + k2λ2De)
3/2
(
1 + Υ2
)1/2
Υ(1− ηZd)3/2
(5.21)
×
(
(1− ηZd)
√
me
mi
γe −
(
Te
Ti
)3/2
γi
)
,
where
γe =
[ (
1 + k2λ2De
)1/2 (5.22)
× Υ
√
1− ηZd
(1 + Υ2)1/2
v0e
Cs
− 1
]
+Υ,
and
γi = (1 + Υ) . (5.23)
From the above equations, we can estimate the growth rate of the DIA
instability with helical wave front in thermally distributed Maxwellian plasmas.
5.4 Unstable Wave-frequencies
The instability threshold condition can be obtained by first writing the
expression given by Eq. [5.13] for growth rate γ of the DIA twisted mode
in a nonthermal dusty plasma in a more compact form:
γ = P
[
v0e − ωr
k
(
Q− t
s
R
)]
, (5.24)
where s and t are given by
s = κe!
κ
3/2
e Γ (κe − 1/2)
ω2pe
θ3
e
, (5.25)
and
t = κi!
κ
3/2
i Γ (κi − 1/2)
ω2pi
θ3
i
, (5.26)
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respectively, while P , Q and R are given by the expressions
P =
√
pi
Υ2
(1 + Υ2)
ω3r
k2ω2pi
, (5.27)
Q =
[
1 + Υ
(
1 + Υ2 ω
2
r
κek2θ2e
)−κe−1]
, (5.28)
and
R =
[(
1 + ω
2
r
κik2θ2i
)−κi−1
+ Υ
(
1 + Υ2 ω
2
r
κik2θ2i
)−κi−1]
, (5.29)
respectively. The instability threshold condition (γ > 0) for the DIA twisted
mode, can be expressed in terms of the threshold velocity vth. This yields the
following expression:
vth = v0e >
ωr
k
(
Q− t
s
R
)
. (5.30)
It is depicted from the above equation that the DIA twisted mode instability
can not grow if the expression on the right hand side is either smaller or equal to
v0e. The threshold conditions can be found from Eq. (5.24) for given values of
ωr. In a similar fashion, we can determine the threshold value of the instability
for Maxwellian distributed DIA twisted waves by taking the limit κ→∞.
5.5 Results and discussion
In this section, the three dimensional plots of normalized growth rate γ/ωr
are shown for the quasi-electrostatic dust ion acoustic (DIA) twisted modes.
The eﬀects of various parameters like normalized wave numbers kλκe and kλκd,
normalized drift velocities v0e/Cs and v0e/ (Ti/md), azimuthal parameter Υ =
k/lqθ and ηZd on the normalized growth rate γ/ωr are illustrated graphically
and physically of the quasi-electrostatic DIA twisted modes.
Figure 1 presents plots of the normalized growth rates γ/ωr obtained from
the formula Eq. (5.11) in Section 5.3, and plotted against the dimensionless
electron drift velocity v0e/Cs at various values of a) azimuthal wave number
lqθ b) spectral parameters κe and κi for kappa distributed (κe = 3 and κi = 5)
and Maxwellian distributed (κe = κi → ∞) electrons and ions cases in the
background of stationary dust.
In panel (a) of Fig. 5.1 we have considered three diﬀerent cases of Υ = k/lqθ
(the ratio of the parallel wave number to the azimuthal wave number) to plot
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Figure 5.1: Plots of the normalized growth rate γ/ωr of the Dust Ion Acoustic
(DIA) twisted mode versus the normalized electron drift velocity v0e/Cs with
kλκe = 0.1, ηZd =0.01 and Te/Ti = 30, in Panel a) for distinct values of the
azimuthal wave number Υ = k/lqθ and in Panel b) for distinct values of the
spectral indices κe and κi
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the normalized growth rate of the wave versus v0e/Cs. We considered the
following cases: (i) a case for which the azimuthal wave number lqθ is greater
than the longitudinal wave number k such that Υ = 0.5, (ii) a case in which the
azimuthal wave number lqθ is equal to the longitudinal wave number k such
that Υ = 1, and (iii) a case in which the azimuthal wave number lqθ is less than
longitudinal wave number k such that Υ = 1.5; for the non-planar (azimuthal
electric field) cases, respectively. Finally, we also plotted γ/ωr versus v0e/Cs
for the planar electric field case (iv) for a very small azimuthal wave number (so
that lqθ ∼= 0) in comparison to the parallel wave number k such thatΥ =∞. We
here considered Lorentzian (Kappa) distributed electrons and ions, i.e. κe = 3
and κi = 5.
It can be observed from Figure 5.1(a) that both the instability window and
normalized growth rate of the twisted dust ion acoustic wave γ/ωr is the
smallest for the case Υ = 0.5 < 1. For the non-planar (azimuthal electric
field) case Υ = 1.5 > 1 the instability window and the growth rate are both
considerably larger, and even more so for the case Υ = 1. The physical
reason for growth rate to be larger for the Υ = 1.5 > 1 case than for
Υ = 0.5 < 1 is that for larger azimuthal wave numbers the wave will take
energy from a larger number of particles and the eﬀect of the phenomenon of
wave particle interaction increases. Therefore, the growth rate of the wave for
the Υ = 0.5 < 1 case is traced below that of both the Υ = 1 and Υ = 1.5 cases.
However, if we compare the wave damping rate (i.e. when γ/ωr < 0) of the
twisted wave cases (Υ = 0.5, 1, 1.5) with the planar case (Υ = ∞), it is clear
that the twisted waves are excited earlier than the planar wave, i.e. for smaller
values of v0e/Cs.
Next, we study the eﬀects of suprathermal populations on the growth rate by
varying the values of the power-index κ. Thus, panel (b) in Figure 5.1 displays
the growth rates for three distinct cases: i) both electrons and ions are Kappa
distributed, i.e. κe = 3 and κi = 5); ii) the electrons are Maxwellian distributed
and the ions are Kappa distributed, i.e. κe =∞ and κi = 5); iii) the electrons
are Kappa distributed and the ions are Maxwellian distributed, i.e. κe = 3
and κi = ∞); and finally (iv) the case in which both electrons and ions are
Maxwellian distributed, i.e. κe=κi =∞).
In these cases γ/ωr is always positive, i.e. the waves are growing (’overstable’).
It can be seen from Fig. 5.1(b) that the growth rate is larger when the
inertia-less drifted electrons are Kappa distributed and the ions are Maxwellian
distributed, while the growth rate is smaller when the drifted electrons are
Maxwellian distributed. The growth rates for the case with Kappa distributed
electrons and ions lies below the curve with for the Maxwellian distributed
electrons and ions, and above that of the case in which the growth rates are the
smallest, i.e. when the drifted electrons are Maxwellian distributed. The figure
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clearly reveals that the growth of the instability is larger in the case when there
are more suprathermal (Kappa distributed) drifted electrons in comparison to
the Maxwellian distributed inertial ions. However, if the suprathermal nature
is shared by both the inertial species then this causes a substantial decrease in
the growth of the respective wave.
Figure 5.2 presents the wave number (kλκe) dispersion of the (normalized)
growth rates γ/ωr. This figure is again based on the analytical result obtained
in formula (5.11) in Section 5.3. Here, however, the wave number is displayed
in panel (a) for three distinct values of the ratio of the electron temperature
and the ion temperature Te/Ti, viz. Te/Ti = 30, 35 and 40, respectively. It
can be seen that the normalized growth rates γ/ωr of the DIA twisted mode
are smaller for Te/Ti = 30 and the largest for the case Te/Ti = 40. As a
matter of fact, it is obvious that when the temperature of the electrons is
higher, they will excite the wave more than in the case of a low(er) value of the
electron temperature. Therefore, the particles that have higher temperature,
such that Te/Ti = 40, contribute more energy to the wave which results in
the higher growth rate than for the case Te/Ti = 30. It can also be observed
that the growth rate of the wave first increases to a certain maximum around
kλκe = 0.65 and then a decreasing trend is witnessed for further increasing
kλκe values. The reason for this behavior is that wave theory remains valid for
kλκe < 1 and this analytical study is valid only for studying weak damping or
growth of the wave.
In panel (b) of Figure 5.2, the normalized growth rates of the unstable solutions
are displayed for three distinct values of the dimensionless electron drift velocity
v0e/Cs, namely v0e/Cs = 1.5, 2.0 and 2.5. The normalized growth rates γ/ωr
are larger for v0e/Cs = 2.5 and smaller for v0e/Cs = 1.5. It is evident from
the figure that the higher dimensionless electron drift velocity v0e/Cs = 2.5
excites the wave more and the growth rate of the wave is thus larger than in
the case of the lower dimensionless electron drift velocity v0e/Cs = 1.5. The
drift velocity thus acts as an energy source for the excitation and growth of the
wave. When the electron drift velocity v0e/Cs is larger, the plasma system has a
larger reservoir of energy to be absorbed by the wave and this results in a larger
growth rate. Similarly, a lower electron drift velocity v0e/Cs results in a smaller
reservoir of energy, i.e. a smaller energy source, resulting in a smaller amount
of energy that can be gained by the wave through wave-particle interaction,
and consequently the resultant growth rate is smaller.
Contour plots of the normalized growth rate γ/ωr of the overstable Dust Ion
Acoustic (DIA) twisted mode are displayed in Figure 5.3 as a function of
the normalized wave number (kλκe) and the ratio of the conventional to the
azimuthal wave number Υ = k/lqθ. This figure is also based on the analytical
result obtained in Eq. (5.11) in Section 5.3. Analyzing this figure and looking at
64 DUST ION ACOUSTIC TWISTED WAVES
TeTi=30
TeTi=35
TeTi=40
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
0.05
0.10
0.15
0.20
kΛΚe
Γ
Ω
r
HaL v0 eCs = 1.5
v0 eCs = 1.5
v0 eCs = 2.0
v0 eCs = 2.5
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
-0.1
0.0
0.1
0.2
0.3
kΛΚe
Γ
Ω
r
HbL TeTi=30
Figure 5.2: Plots of the normalized growth rate γ/ωr of the Dust Ion Acoustic
(DIA) twisted mode versus the normalized wave number kλκe with fixed values
(κe = 3 and κi = 5), Υ = k/lqθ = 1, ηZd =0.01 and v0e/Cs = 1.5 (a) for
distinct values of ratio of the electron temperature and the ion temperature
Te/Ti and (b) for diﬀerent values of the normalized electron drift velocity
v0e/Cs .
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Figure 5.3: Contour plots of the normalized growth rate γ/ωr of the overstable
Dust Ion Acoustic (DIA) twisted mode as a function of the normalized wave
number kλκe and the ratio of the conventional to the azimuthal wave number
Υ = k/lqθ for fixed values κe = 3 and κi = 5, while v0e/Cs = 1.5, ηZd = 0.01
and Te/Ti = 30.
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the lower part of the plot, we notice that as the value of ratio of the conventional
to the azimuthal wave number Υ = k/lqθ increases, so do the growth rates γ/ωr,
until we get the peak of highly growing waves corresponding to the azimuthal
parameter Υ = k/lqθ = 1.25. On further increasing the value of Υ = k/lqθ
beyond 1.25, our high frequency growing modes switch towards the stable
modes. That’s why the value of growth rate decreases for Υ = k/lqθ > 1.25.
On the other hand, the growth rate γ/ωr increases as the normalized wave
number kλκe approaches the value kλκe → 0.45 but further increase in the wave
number kλκe leads towards a decreasing trend in the growth rate. However, we
must keep in mind that for large values of kλκe, the weak damping (or growth)
theory of the DIA twisted mode does not remain valid.
In Figure 5.4, contour plots are displayed as a function of the normalized growth
rate γ/ωr as a function of ηZd , the product of the dust charge number and
the ratio of the number density of dust particles to that of ions and ratio of
the conventional to the azimuthal wave number Υ = k/lqθ. It can be seen
in this figure that the growth rate γ/ωr increases with increasing in Υ and
decreases with increase in ηZd . The reason for the increasing trend in growth
rate γ/ωr of DIA twisted mode is the presence of more probable particles that
can transfer their energy to the wave, if the value of Υ = k/lqθ increases. On
the other hand, the decreasing trend in growth rate γ/ωr with respect to ηZd is
very straight forward. This is because the increasing magnitude of ηZd belongs
to the increase in the number of charged dust particles and hence reducing the
suprathermal electrons that can transfer their energy to excite the wave.
As Υ increases, the longitudinal wave number k increases in comparison to the
azimuthal wave number lqθ, which clearly reveals that when the longitudinal
propagation vector k becomes larger, the DIA twisted mode can grow faster
than in the situation with a smaller longitudinal wave number k. Now,
considering the eﬀect of ηZd on the growth rate γ/ωr, it is understood that at a
larger value of ηZd, we have a larger number of negatively charged dust particles
and obviously their overall charge number is also larger. Hence, according to
the figure, the growth rate γ/ωr is smaller for larger values of ηZd (in the
presence of the large number of negatively charged heavy dust particles) and
larger at smaller values of ηZd. Physically, if the number of negatively charged
dust particles increases then the number of energetic electrons decreases. The
latter have the capability to excite the wave due to their drift velocity. That
is why a decreasing number density of energetic electrons causes a decrease in
the excitation of the wave and, hence, its growth rate.
Figure 5.5 describes the three dimensional surface plot of the growth rate γ/ωr
of the quasi-electrostatic DIA twisted wave against the normalized wave number
kλκe and azimuthal parameterΥ = k/lqθ. It is evident from the figure that with
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Figure 5.4: Contour plots of the normalized growth rate γ/ωr of the Dust Ion
Acoustic (DIA) twisted mode plotted against the product of the dust charge
number and the ratio of the number density of dust particles to that of ions
ηZd, and the ratio of the conventional to the azimuthal wave number Υ =
k/lqtheta, for fixed values κe = 3 and κi = 5, and v0e/Cs = 1.5, kλκe = 0.1 and
Te/Ti = 30.
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Figure 5.5: The plots of normalized growth rate γ/ωr of quasi-electrostatic DIA
twisted modes are presented against the normalized wave number kλκe and
azimuthal parameter Υ = k/lqθ with ηZd =0.01, v0e/Cs=2.5 and Te/Ti = 30.
increasing the value of kλκe, the growth rate of the DIA twisted wave decreases.
The explanation of this trend may be loss of energy by the wave traveling in
the space with increasing kλκe. On the other hand with increasing azimuthal
parameter Υ = k/lqθ, the growth rate of the wave increases. The physical
interpretation of this phenomena is that the normalized azimuthal wave number
Υ = k/lqθ provides the necessary energy to excite the DIA twisted wave by
accelerating the large number of probable suprathermal drifted electrons that
can transfer their energy to the wave.
Figure 5.6 presents the three dimensional surface plots of the growth rate γ/ωr
of the quasi-electrostatic DIA twisted wave against the normalized drift velocity
v0e/Cs and azimuthal parameter Υ = k/lqθ. It is clear from the figure that by
increasing the parameters v0e/Cs and Υ = k/lqθ, the growth rate of the wave
rate of the wave increases. The drift velocity v0e/Cs contributes as an energy
source for the growth rate of the wave. If the drift velocity v0e/Cs is higher
a larger energy reservoir is available for the growth rate of the wave. Thats
why the growth rate of the wave is larger for higher value of the drift velocity
and smaller for the lower drift velocity of the electrons. The same trend of
growth rate is observed for azimuthal parameter Υ = k/lqθ as discussed for the
figure 5.5.
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Figure 5.6: The plots of normalized growth rate γ/ωr of quasi-electrostatic DIA
twisted modes are presented against the normalized drift velocity v0e/Cs and
azimuthal parameter Υ = k/lqθ with ηZd =0.01, kλκe=0.1 and Te/Ti = 30.
The three dimensional surface plot of the growth rate γ/ωr of the quasi-
electrostatic DIA twisted wave is shown in figure 5.7 against the product of
the ratio of number densities of dust to ion species and the dust charging
parameter ηZd and azimuthal parameter Υ = k/lqθ. The figure clearly
illustrates the decreasing trend of the growth rate γ/ωr with increasing ηZd
while an increasing trend is observed if the Υ = k/lqθ is increased. This is due
to the fact that the increasing magnitude of ηZd refers to charging the dust
particles via capturing of electron species. If the dust charge is higher (means
concentration of drifted electrons captured by neutral dust particles is higher)
then the number of drifted electrons is lower to excite the wave. Therefore the
growth rate of the quasi electrostatic DIA twisted mode is larger at smaller
values of ηZd and vice versa. If we consider the eﬀect of the azimuthal
parameter Υ = k/lqθ separately, the growth rate of quasi-electrostatic waves
increases with an increase in Υ = k/lqθ. Because the larger value of Υ = k/lqθ
reveals that the value of longitudinal wave vector k is larger as compare to lqθ,
then wave can grow with larger magnitude in comparison to the smaller value
of longitudinal wave vector k.
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Figure 5.7: The plots of normalized growth rate γ/ωr of quasi-electrostatic DIA
twisted modes are presented against ηZd and normalized wave number kλκe
with Υ = k/lqθ = 1, v0e/Cs =2.5 and Te/Ti = 30.
5.6 Conclusions
In the present chapter, we made a kinetic study of the instability of
the electrostatic dust twisted modes in nonthermal dusty plasmas. The
electrostatic dust twisted waves in dusty plasma were investigated using the
Vlasov-Poisson equation and first the plasma dielectric function has been
derived in the presence of orbital angular momentum (OAM) of the helical (non-
planar or twisted) electric field perturbations with Kappa distributed electrons,
ions and dust with distinct spectral indices. The perturbed distribution
function and the electric field then have been decomposed into Laguerre-
Gaussian (LG) modes described in cylindrical coordinates. The growth
rates of both the DIA twisted modes have then been calculated analytically,
using the weak damping (or grow) theory of the waves in dusty plasmas in
which Kappa distributed electrons were considered to have a drift velocity.
The instability conditions of the electrostatic twisted modes have then been
calculated analytically and numerically and the obtained results have been
plotted against the appropriate physical dusty plasma parameters. The growth
rate of the instability and the instability window of the overstable DIA
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twisted mode are increasing with decreasing spectral index of the drifting
electrons, and with increasing ratio of electron temperature to ion temperature,
respectively. The growth rate of the instability is also increasing with increasing
dimensionless drifted velocity. Our studies included the Lorentzian or Kappa
distribution function of the electrons with shifted parallel velocity due to the
presence of the electron drift as a result of the helical electric field. The drifting
electrons act as a source of energy for the growth of the instabilities in the DIA
twisted modes. The threshold conditions of the instabilities for the DIA twisted
mode has also been calculated to estimate the minimum value of the electron
drift which can initiate the instabilities in twisted electrostatic waves in dusty
plasmas. When the drift velocity of the electrons approaches zero, a damping
of the DIA twisted mode is observed rather than an exponential growth, i.e.
γ < 0 in this case.
Our results can be applicable to Maxwellian distributed plasmas as well as
to plasmas where the spectral index of the species approaches infinity. In the
absence of the electron drift velocity, such that v0e = 0, and the spectral indices
( κe = κi = κd = ∞), the real and imaginary parts of the dielectric function
of the DIA twisted mode resembles those given in Ali et al. [2016]. It may also
be noted that we have included the non-Maxwellian or Lorentzian character of
the ion and dust species along with that of the electrons. The distribution of
the heavier (inertial) species is usually taken as Maxwellian (thermal), when
the inertialess species is non-Maxwellian distributed. In our case, however, we
have chosen a non-thermal (Lorentzian) distribution for each species but the
spectral index Kappa of the heavier species has been taken larger as compared
to that of the lighter species. Heavier particles, like protons, ions and dust
particles, are indeed often cooler (except in the solar corona and solar wind)
and, therefore, their distributions must be closer to a Maxwellian as compared
to the electrons distribution. In natural plasmas occurring in space the electron
distributions can be well reproduced by Kappa distribution functions. The
latter converge to a Maxwellian distribution in the limit of a very large Kappa,
i.e. such that Kappa approaches to infinity (Lazar et al. [2012]). It is therefore
reasonable to make the assumption that the spectral index (Kappa) of the
heavier species is larger as compared to the lighter species. The figure 5.1
clearly showed that the suprathermal parameters or spectral indices of the
species aﬀect the growth rate of the instability, so it was wise to consider the
suprathermal population of each species. The dust-ion-acoustic (DIA) double
layers (Mamun and Islam [2011]) in non-thermal dusty plasma (containing non-
thermal electrons, inertial ions, and stationary positively as well as negatively
charged dust) has been studied by deriving a modified Gardner (MG) equation
to identify the non-planar (cylindrical and spherical) DIA double layers. We
have, however, considered a fixed charging of the dust particles, though at times
the charge of the dust fluctuates, which deviates from the thermal distribution
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of the dust to some extent. In that case, the non-Maxwellian distribution may
be the better choice over a Maxwellian distribution.
Chapter 6
Dust Acoustic Twisted Waves
In this chapter, quasi electrostatic modes are again investigated in non
thermal dusty plasma using non-gyrotropic Kappa distribution in the presence
of helical electric field. In the previous chapter, i.e. for the case of DIA
twisted modes, the temperature of the drifted electrons and the dynamics of
the ions were both important while the dust particles were assumed to be
stationary. In the present chapter, however, both drifted electrons and ions are
considered to be inertialess and the dynamics of the massive dust particles
is important. The Laguerre Gaussian (LG) mode function is employed to
decompose the perturbed distribution function and helical electric field. The
modified dielectric function is obtained for the dust acoustic (DA) twisted
modes from the solution of Vlasov-Poisson equation. The threshold conditions
for the growing modes is also illustrated.
The results in the present chapter are based on the following
publications of the candidate.
• Kashif Arshad, M. Lazar, Shahzad Mahmood, Aman-ur-Rehman and
S. Poedts (2017),"Kinetic study of electrostatic twisted waves instability
in nonthermal dusty plasmas", Phys. Plasmas 24, 033701.
• Kashif Arshad, M. Lazar, and S. Poedts (2017) in press,"Quasi-
electrostatic twisted waves in Lorentzian dusty plasmas", Planetary &
Space Sci., 1-8 (DOI: 10.1016/j.pss.2017.10.013).
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6.1 Dielectric fucntion of Dust Acoustic (DA)
Twisted Modes
The dielectric function of the quasi-electrostatic twisted (helical) modes in non-
Maxwellian (Kappa) distributed dusty plasmas (containing Kappa distributed
intertialess drifted electrons, inertialess ions and the dynamics of the dust
particles), i.e. dust acoustic (DA) twisted modes can be written as (Arshad
et al., 2017),
ϵ(ω, k, lqθ) = 1 +
2ω2pe
k2θ2e
[
2κe − 1
κe
+ ξzeZ(ξze) +ξθeZ(ξθe)] (6.1)
+
2ω2pi
k2θ2i
[
2κi − 1
κi
+ ξziZ(ξzi) + ξθiZ(ξθi)]
+
2ω2pd
k2θ2d
[
2κd − 1
κd
+ ξzdZ(ξzd) + ξθdZ(ξθd)
]
.
In the following limits, ξze ≪ 1, ξzi ≪ 1 & ξzd ≫ 1, ξθd ≫ 1, ξθd ≫ 1, ξθd ≫ 1,
we can expand the plasma dispersion function of DA twisted modes. From
the expanded expression, we can calculate the dispersion spectrum and growth
rates of the quasi-electrostatic DA twisted modes as
6.2 Dispersion Relation
The dispersion relation of the Dust Acoustic (DA) twisted mode can be found
by solving the relation (Re[ϵ(ω, k, lqθ)] = 0). This can be written in terms of
ωr as
ω2r =
k2ω2pdλ
2
κd
(1 + k2λ2κd)
[(
1 + 1Υ2
)
+ 3k
2v2T d
ω2r
(
1 + 1Υ4
)]
, (6.2)
where λκd corresponds to the Kappa (Lorentzian) distributed eﬀective Debye
(screening) length. The latter is defined as:
λ−2κd =
(
2κe − 1
2κe − 3
)
λ−2De +
(
2κi − 1
2κi − 3
)
λ−2Di . (6.3)
In the physics of dust acoustic waves the dynamics of the dust particles is very
important. Due to the fact that the Kappa distributed dust particles are very
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massive in comparison to the Kappa distributed inertialess drifted electrons
and ions. Therefore, we can neglect the temperature of dust (Td) as compared
to temperatures of the ions (Ti) and electrons (Te). As a result, the dispersion
relation of dust acoustic twisted wave becomes
ω2r =
k2ω2pdλ
2
κd
1 + k2λ2κd
(
1 + Υ2
)
Υ2 , (6.4)
We can also rewrite the dispersion relation Eq. [6.4] in the terms of the modified
(Lorentzian distributed) Dust Acoustic speed as:
ω2r =
k2C2κdA
1 + k2λ2κd
(
1 + Υ2
)
Υ2 . (6.5)
Here, the modified (Lorentzian distributed) dust acoustic speed (CκdA =
ωpdλκd) is given by the expression
C2κdA =
(
ηZ2d
)
(Ti/md)[(
2κe−1
2κe−3
)
Ti
Te
(1− ηZd) +
(
2κi−1
2κi−3
)] . (6.6)
The reason for writing another form of dispersion relation is the estimation of
the modified expression of dust acoustic speed CκdA in the presence of helical
electric field carrying orbital angular momentum. In the limiting case κ→∞,
we can achieve the results for a Maxwellian distributed plasma. In this case
the dispersion relation reads
ω2r =
k2ω2pdλ
2
d
1 + k2λ2d
(
1 + Υ2
)
Υ2 , (6.7)
where
λ−2d = λ
−2
De + λ
−2
Di , (6.8)
which shows the generality of Kappa distribution in comparison to the
Maxwellian one.
6.3 Growth Rates
In order to find the growth rate of the instability due to drift velocity of
electrons, we will calculate the growth rate γ of the DA twisted mode using real
Re[ϵ(ω, k, lqθ)] and imaginary Im[ϵ(ω, k, lqθ)] parts of the dielectric function
ϵ(ω, k, lqθ) which was defined by Eq. [6.1]. We do this again by using the well
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known Cauchy relation γ = −Im[ϵ(ω, k, lqθ)] (∂Re[ϵ(ω, k, lqθ)]/∂ωr)−1. In this
case, the Cauchy relation yields:
γ = −
√
piω3r
2ω2pd
Υ2
(1 + Υ2) [γe + γi + γd] . (6.9)
The normalized growth rate γ/ωr of quasi-electrostatic DA twisted modes is
given as
γ
ωr
=
√
pi
2
1
[1 + k2λ2κd]
3/2
(
1 + Υ2
)1/2
Υ
[(
2κe−1
2κe−3
)
Ti
Te
(1− ηZd) +
(
2κi−1
2κi−3
)]3/2 (6.10)
×
[(
1− ηZd
)√
ηZ2d
me
md
(
Ti
Te
)3/2
γe
−
(
ηZ2d
mi
md
)1/2
γi −
(
ηZ2d
Ti
Td
)3/2
γd
]
.
To simplify the normalized growth rate γ/ωr of DA twisted modes, we can
decompose the expressions of γe and γi into their longitudinal and azimuthal
components using Eqs.(5.12) and (5.15), respectively, defined in chapter 5.
Where for the electrons
γez =
κe!
(2κe − 3)3/2 Γ (κe − 1/2)
(6.11)
×
[{(
2κe − 1
2κe − 3
)
Ti
Te
(1− ηZd) +
(
2κi − 1
2κi − 3
)}
× Υ
(
1 + k2λ2κd
)1/2
(1 + Υ2)1/2
vd
(ηZ2d) (Ti/md)
− 1
]
,
and
γeθ =
κe!Υ
(2κe − 3)3/2 Γ (κe − 1/2)
(6.12)
×
(
1 + 1(2κe − 3)
(
1 + Υ2
)
[1 + k2λ2κd]
Ti
Te
×
(
ηZ2d
)
(me/md)[(
2κe−1
2κe−3
)
Ti
Te
(1− ηZd) +
(
2κi−1
2κi−3
)])−κe−1.
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and in case of ions
γiz =
Γ (κi + 1)
(2κi − 3)3/2 Γ (κi − 1/2)
, (6.13)
and
γiθ =
Γ (κi + 1)Υ
(2κi − 3)3/2 Γ (κi − 1/2)
(6.14)
×
(
1 + 1(2κi − 3)
(
1 + Υ2
)
[1 + k2λ2κd]
×
(
ηZ2d
)
(mi/md)[(
2κe−1
2κe−3
)
Ti
Te
(1− ηZd) +
(
2κi−1
2κi−3
)])−κi−1.
We can also decompose the expression γd into its longitudinal and azimuthal
parts for the dust particles as
γd = [γdz + γdθ] , (6.15)
where
γdz =
Γ (κd + 1)
(2κd − 3)3/2 Γ (κd − 1/2)
(6.16)
×
(
1 + 1(2κd − 3)
(
1 + Υ2
)
Υ2 [1 + k2λ2κd]
Ti
Td
×
(
ηZ2d
)[(
2κe−1
2κe−3
)
Ti
Te
(1− ηZd) +
(
2κi−1
2κi−3
)])−κd−1,
and
γdθ =
Γ (κd + 1)Υ
(2κd − 3)3/2 Γ (κd − 1/2)
(6.17)
×
(
1 + 1(2κd − 3)
(
1 + Υ2
)
[1 + k2λ2κd]
Ti
Td
×
(
ηZ2d
)
[
(
2κe−1
2κe−3
)
Ti
Te
(1− ηZd) +
(
2κi−1
2κi−3
)
]
)−κd−1
.
The expressions of γe, γi and γd are composed of the longitudinal as well
as the azimuthal contributions of the DATM instability due to the presence
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of helical electric field carrying orbital angular momentum. So, it would be
wiser to decompose the expression into its longitudinal and azimuthal parts to
see the actual role of orbital angular momentum on the twisted wave/mode
dynamics. These expressions are also used to plot the growth rates of DA
twisted modes versus the modified normalized Debye length, the azimuthal
wave number, product of number density ratio of dust to ions and dust charging
parameter and the normalized drift velocity, and in the discussion of these plots.
In the limit κ → ∞, our results approach the normalized growth rate γ/ωr
of quasi-electrostatic DA twisted modes for Maxwellian distributed plasmas,
which is
γ
ωr
=
√
pi
2
1
[1 + k2λ2d]
3/2
(
1 + Υ2
)1/2
Υ
[
Ti
Te
(1− ηZd)+
]3/2 (6.18)
×
[(
1− ηZd
)√
ηZ2d
me
md
(
Ti
Te
)3/2
γe
−
(
ηZ2d
mi
md
)1/2
γi −
(
ηZ2d
Ti
Td
)3/2
γd
]
,
where
γe =
[{
Ti
Te
(1− ηZd) +
(
2κi − 1
2κi − 3
)}
× Υ
(
1 + k2λ2d
)1/2
(1 + Υ2)1/2
vd
(ηZ2d) (Ti/md)
− 1
]
+Υ,
γi = 1 +Υ, (6.19)
and
γd = 1 + Υ. (6.20)
The above equations provide us with an estimate for the growth rate of the DA
twisted wave in Maxwellian distributed plasmas.
6.4 The Unstable Wave Frequencies
In order to calculate the threshold of the instability, we first write Eq. [6.9] in
a more compact form, namely
γ = O
[
v0e − ωr
k
(
Q+ t
s
M + ϖ
s
N
)]
. (6.21)
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Here
O =
√
pi
Υ2
(1 + Υ2)
ω3r
2k2ω2pd
, (6.22)
while
ϖ = Γ (κd + 1)
κ
3/2
d Γ (κd − 1/2)
ω2pd
θ3
d
, (6.23)
and
M =
[
1 + Υ
(
1 + Υ2 ω
2
κik2θ2i
)−κi−1]
, (6.24)
and
N =
(1 + ω2
κdk2θ2∥e
)−κd−1
+Υ
(
1 + Υ2 ω
2
κdk2θ2∥e
)−κd−1 . (6.25)
Then, the instability threshold v′th can be estimated from the simplified
(compact) Eq. ( 6.21). As a matter of fact, the instability will grow only if
the condition given below is satisfied
v′th = v0e >
ωr
k
(
Q+ t
s
M + ϖ
s
N
)
. (6.26)
The threshold conditions can be found from Eq. (6.20) for given values of ωr.
In the limit of a large spectral index, such as κ → ∞, we can calculate the
instability condition for the Maxwellian distributed DA twisted wave.
6.5 Results and discussion
In this section, the three dimensional plots of normalized growth rate γ/ωr
are shown for the quasi-electrostatic dust acoustic (DA) twisted modes. The
eﬀects of various parameters like normalized wave numbers kλκe and kλκd,
normalized drift velocities v0e/Cs and v0e/ (Ti/md), azimuthal parameter Υ =
k/lqθ and ηZd on the normalized growth rate γ/ωr are illustrated graphically
and physically of the quasi-electrostatic DA twisted modes.
Figure 6.1 displays the normalized growth rates γ/ωr of the DA twisted mode
which are plotted against the normalized electron drift velocity v0e/ (Ti/md)
at various values of a) the azimuthal wave number lqθ, and b) the spectral
parameters κe, κi and κd, both for Kappa distributed (κe = 3, κi = 3 and
κd = 10) and Maxwellian distributed (κe = κi = κd →∞), inertialess electrons
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Figure 6.1: Plots of normalized growth rate γ/ωr of the DA twisted mode
against the normalized electron drift velocity v0e/ (Ti/md) with kλκd = 0.1,
ηZd =0.01 and Te/Ti = 30, for distinct values of a) the ratio of the longitudinal
wave number to the azimuthal wave number Υ = k/lqθ, and b) spectral indices
κe , κi and κd
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and ions in the presence of dynamic dust particles. This plot is based on the
analytical result for the growth rate expressed in Eq. (6.6) in Section 6.3. In
panel (a) we have considered three diﬀerent cases of Υ = k/lqθ, the ratio
of the longitudinal wave number to the azimuthal wave number, and plotted
the normalized growth rate of the wave versus v0e/ (Ti/md), namely (i) for
the azimuthal wave number lqθ greater than the longitudinal wave number k,
i.e. lqθ > k) such that Υ = 0.5; (ii) when the azimuthal wave number lqθ is
equal to the longitudinal wave number k, i.e. lqθ = k) such that Υ = 1; and
(iii) for the azimuthal wave number lqθ is less than longitudinal wave number
k. i.e. lqθ < k) such that Υ = 1.5, for the non-planar (i.e. azimuthal electric
field) cases, respectively, and also for the planar electric field case (iv) , i.e. for
a very small azimuthal wave number so that lqθ ∼= 0, in comparison to the
parallel wave number k, such that Υ = ∞, and this for Lorentzian (Kappa)
distributed electrons, ions and dust (i.e., κe = 3, κi = 3 and κd = 5). It can
be observed from Figure 6.1(a) that the normalized growth rate of the twisted
dust acoustic wave γ/ωr is the lowest for Υ = 0.5 < 1, and also the instability
threshold occurs only for higher values of the normalized electron drift velocity
v0e/ (Ti/md) in this case. As a matter of fact, the instability threshold occurs
for smaller values of v0e/ (Ti/md) in the cases Υ = 1.5 and for Υ = 1 and the
growth rates are larger in these non-planar (azimuthal electric field) case. The
physical reason for the growth rate being larger for the Υ = 1.5 > 1 case is
that for large azimuthal wave numbers the wave will take energy from a larger
number of particles and the wave particle interaction thus increases. Therefore,
the growth rate of the (overstable) wave in the Υ = 0.5 < 1 case is lower than
that in the Υ = 1.5 and Υ = 1 cases. Moreover, when we compare the wave
damping rate of the twisted wave cases (Υ = 0.5, 1, 1.5) with the planar case
(Υ =∞), the twisted waves are excited earlier than the planar waves and they
grow much faster too.
In panel (b) of Figure 6.1, we have considered the three cases of Lorentzian
distributed plasma such that i) the electrons and ions are both Kappa
distributed while the dust is Maxwellian distributed, i.e. κe = 3 , κi = 5
and κd = ∞); and ii) the electrons and the dust articles are both Maxwellian
distributed while the ions are Kappa distributed, i.e. κe = ∞ , κi = 5 and
κd =∞); and iii) the electrons are Kappa distributed while the ions and dust
particles are both Maxwellian distributed , i.e. κe = 3 , κi =∞ and κd =∞); as
well as one case in which both electrons, ions and dust particles are Maxwellian
distributed, i.e. κe=κi =κd=∞). It can be seen from this figure that the
growth rate is maximum when both electrons and ions are Kappa distributed
and the growth rate is minimum when both electrons and ions are Maxwellian
distributed while the curve with (Kappa distributed electrons and Maxwellian
distributed ions) lies below the maximum value and the curve with (Maxwellian
distributed electrons and Kappa distributed ions) lies above the minimum value.
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The figure clearly shows that the growth rate of the DA twisted mode is larger
for the Kappa distributed plasma as compared to a Maxwellian plasma. The
Kappa distributed plasma have availability of higher number of suprathermal
particles that can transfer their energy to the wave and the wave should be
expected to grow faster than in a non-Maxwellian environment.
The normalized growth rates γ/ωr of the DA twisted mode are plotted in
Figure 6.2 against the normalized wave numbers kλκd. This plot is also based
on the analytical result for the growth rate expressed in Eq. (6.6) in Section 6.3.
In panel (a), the growth rates are displayed for three distinct values of the ratio
of the ion temperature to the dust temperature Ti/Td, namely Ti/Td = 30, 35
and 40. It can be seen that the normalized growth rates γ/ωr of the DA
twisted mode are smallest for Ti/Td = 30 and largest for Ti/Td = 40. As a
matter of fact, it is obvious that when the temperature of the ions Ti is larger,
they will excite the wave more than at a low(er) value of the ion temperature.
Therefore, the ions which have a higher temperature contribute more of their
energy to the wave and this results in the higher value of observed growth rate.
Figure 6.2(a) also indicates that the growth rate of the wave first increases till
about kλκd = 1.5, after which a decreasing trend is observed.
Panel (b) of Figure 6.2 displays the normalized growth rates γ/ωr against
the normalized wave numbers kλκd for three distinct values of dimensionless
electron drift velocity v0e/ (Ti/md), namely v0e/ (Ti/md) = 1.5, 2.5 and 3.0,
respectively.
The normalized growth rates γ/ωr are clearly larger for v0e/ (Ti/md) = 3.0 and
smaller for v0e/ (Ti/md) = 1.5. It is evident from the figure that the higher
dimensionless electron drift velocity v0e/ (Ti/md) = 3.0 excites the wave more
eﬃciently and, consequently, the growth rate of the wave is larger than for
the lower values of the dimensionless electron drift velocity v0e/ (Ti/md) = 2.5
and 1.5. As a matter of fact, the drift velocity acts as an energy reservoir
for the excitation and growth of the wave. When the electron drift velocity
v0e/ (Ti/md) is higher, the plasma system has a larger reservoir of energy to
be absorbed by the wave and thus its growth rate is larger, i.e. it grows faster.
A contour plot of the normalized growth rate γ/ωr is shown in Figure 6.3. The
growth rate is plotted as a function of the normalized wave number (kλκd) and
the ratio of the longitudinal to the azimuthal wave numberΥ = k/lqθ. This plot
is again based on the analytical result for the growth rate expressed in Eq. (6.6)
in Section 6.3. It can be seen that as the value of ratio of the conventional to
the azimuthal wave number Υ = k/lqθ increases, so do the growth rates γ/ωr
of the DA twisted mode, until we get the peak of fastest growing waves such
that γ/ωr = 0.4 corresponding to Υ = k/lqθ = 1.15. These fastest growing
waves transform to the slow growing modes, if Υ = k/lqθ > 1.15, which leads
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Figure 6.2: Plots of the normalized growth rate γ/ωr of the Dust Acoustic
(DA) twisted mode are presented against the normalized wave number kλκd
with fixed values κe = 3, κi = 3 and κd = 10, Υ = k/lqθ = 1, ηZd = 0.01, and
(a) for distinct values of the ratio of ion temperature to the dust temperature
Ti/Td, and (b) the normalized electron drift velocity v0e/ (Ti/md).
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Figure 6.3: Contour plot of the normalized growth rate γ/ωr of the Dust
Acoustic (DA) twisted mode displayed against the normalized wave number
kλκe and the ratio of the conventional to the azimuthal wave number Υ = k/lqθ
for fixed values κe = 3, κi = 3 and κd = 10, v0e/ (Ti/md) = 1.5, ηZd =0.01
and Te/Ti = 30.
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towards the stable modes.
The larger growth rate indicates the absorption of a greater amount of energy
from the particles by the DA twisted mode and a likewise a smaller growth
rate indicates that the DA twisted mode absorbs a smaller amount of energy
from the particles during the wave-particle interactions. On the other hand,
the growth rate γ/ωr of the DA twisted mode increases as the normalized
wave number kλκd approaches the value kλκd → 1.5, but a further increase in
wave number kλκd (beyond the value 1.5) causes a decrease in the growth rate.
However, the weak damping (or grow) theory of the plasma waves remains valid
only for low values of kλκd, and to find the growth rates of the wave for large
values of the normalized wave numbers one has to conduct a numerical analysis
for studying strong damping (or growing) eﬀects of the wave.
In Figure 6.4 we display a contour plot of the normalized growth rate γ/ωr
as a function of ηZd , the product of dust charge number and the ratio of
the number density of dust particles to that of the ions, and the ratio of the
conventional to the azimuthal wave number Υ = k/lqθ. It can be seen that the
growth rate γ/ωr increases with an increase in Υ and decreases with increase
in ηZd . Note that Υ increasing corresponds to an increase of the longitudinal
wave number k in comparison to the azimuthal wave number lqθ. hence, the
contour plot reveals that when the longitudinal propagation vector component
k is larger, the DA twisted mode can grow faster than in the situation with a
smaller longitudinal wave number k.
Now we will consider the eﬀect of ηZd on the growth rate γ/ωr of the DA
twisted mode. It is understood that at larger magnitudes of ηZd, we have a
larger number of negatively charged dust species and, obviously, their overall
charge number is also larger. Hence, the growth rate γ/ωr of the DA twisted
mode is smaller for large values of ηZd (i.e. in the presence of a larger number
of heavy dust particles) and larger at smaller values of ηZd. The physical
meaning of this is that an increasing number density of the dust (which is
negatively charged) particles results in a decreasing number density of the
energetic electrons. Hence, a smaller number of energetic electrons are available
to provide energy to the wave, and that is why the growth rate of the wave
decreases with an increasing number density of the negatively charged dust.
The figure 6.5 describes the growth rate γ/ωr of the quasi-electrostatic
DA twisted wave against the normalized wave number kλκd and azimuthal
parameter Υ = k/lqθ. It is evident from the figure that with increasing values
kλκd and Υ = k/lqθ, the growth rate of the wave increases. The physical
interpretation of this phenomenon, is the probability of more suprathermal
particles with increased normalized wave number kλκd, available to excite the
wave. This results in the increase of growth rate of quasi-electrostatic DA
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Figure 6.4: Contour plots of the normalized growth rate γ/ωr of the Dust
Acoustic (DA) twisted mode are plotted as a function of the product of the
dust charge number and the ratio of the number density of dust particles to
that of the ions, ηZd, and the ratio of the conventional to the azimuthal wave
number Υ = k/lqθ, for fixed values κe = 3 andκi = 5,v0e/ (Ti/md) = 1.5,
kλκd = 0.1 and Te/Ti = 30.
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Figure 6.5: The plots of normalized growth rate γ/ωr of quasi-electrostatic
DA twisted modes are presented against the normalized wave number kλκd
and azimuthal parameter Υ = k/lqθ with ηZd =0.01, v0e/ (Ti/md)=2.5 and
Te/Ti = 30.
twisted wave with increasing kλκd. The increasing trend is observed in the
growth rate γ/ωr with the increasing value of azimuthal parameter Υ = k/lqθ.
Because the larger value of Υ = k/lqθ reveals that the value of longitudinal
wave vector k is if larger as compare to lqθ, then wave can grow to larger
magnitude in comparison to the smaller value of longitudinal wave vector k.
Figure 6.6 presets the growth rate γ/ωr of the quasi-electrostatic DA
twisted wave against the normalized drift velocity v0e/ (Ti/md) and azimuthal
parameter Υ = k/lqθ. It is clear from the figure that by increasing the
parameters v0e/ (Ti/md) and Υ = k/lqθ, the growth rate of the wave rate of the
wave increases. Because the drift velocity acts as a energy source for the growth
rate of the wave. If the drift velocity v0e/ (Ti/md) is higher then more energy
reservoir is available for the wave to take energy and for the low drift velocity
then energy reservoir has less to be taken by the wave. The same increasing
trend is observed in the growth rate γ/ωr with the increasing value of azimuthal
parameter Υ = k/lqθ. Because the higher value of Υ = k/lqθ reveals that the
value of longitudinal wave vector k is if larger as compare to lqθ, then wave can
grow to larger magnitude in comparison to the smaller value of longitudinal
wave vector k. The three dimensional surface plot is shown for the growth
rate γ/ωr of the quasi-electrostatic DA twisted wave in figure 6.7 against the
88 DUST ACOUSTIC TWISTED WAVES
Figure 6.6: The plots of normalized growth rate γ/ωr of quasi-electrostatic DA
twisted modes are presented against the normalized drift velocity v0e/ (Ti/md)
and with azimuthal parameter Υ = k/lqθ with normalized wave number kλκd =
0.1 ηZd =0.01, v0e/Cs=2.5 and Te/Ti = 30.
product of dust to ion number densities ratio and dust charging parameter
ηZd and azimuthal parameter Υ = k/lqθ. The figure clearly illustrates the
decreasing trend of the growth rate γ/ωr with increasing ηZd , while increasing
trend is observed if the Υ = k/lqθ is increased. This is due to the fact that the
increasing magnitude of ηZd refers to charging to dust particles via capturing
of electron species. If the dust charge is higher (means concentration of drifted
electrons captured by neutral dust particles is higher) then the number of
drifted electrons is lower to excite the wave. Therefore the growth rate of the
quasi electrostatic DA twisted mode is larger at smaller values of ηZd and
vice versa. If we consider the eﬀect of the azimuthal parameter Υ = k/lqθ
separately, the growth rate of quasi-electrostatic waves increases with increase
in Υ = k/lqθ. Because the larger value of Υ = k/lqθ reveals that the value of
longitudinal wave vector k is if larger as compare to lqθ, then wave can grow
to larger magnitude in comparison to the smaller value of longitudinal wave
vector k.
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Figure 6.7: The plots of normalized growth rate γ/ωr of quasi-electrostatic DA
twisted modes are presented against the ηZd and azimuthal parameter Υ =
k/lqθ = 1 with normalized wave number kλκd=0.1, v0e/Cs=2.5 and Te/Ti = 30.
6.6 Conclusions
The quasi-electrostatic DA twisted modes are investigated in the presence of
helical electric field carrying orbital angular momentum. By applying Laguerre
Gaussian mode function, the modes are decomposed into planar and non-planar
components refer to spatial and phasor wave numbers. A parametric study of
the growth rate indicates diﬀerent regimes of the instability.
The growth of DA twisted waves owes to the presence of energy source which
can excite them. In our studies, the drift velocity of the non-Maxwellian
(suprathermal) electrons is that energy source. The threshold condition for
the growth of the DA twisted waves is also determined, which can provide us
the least value of drift velocity of Kappa distributed electrons necessary for the
excitation of DA twisted waves. But if the threshold condition is not satisfied
and drift velocity of suprathermal drifted electrons lies below the threshold
(minimum) value. In this situation, the DA twisted wave does not inherit the
the particles that can transfer their energy to the wave, therefore particles
will absorb energy from the wave and resulted wave-particle interaction will be
Landau damping.
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In our study, the results are though elaborated for the non-Maxwellian (Kappa)
distributed plasmas, where the energy distribution contains suprathermal
particles in the tails of energy distribution. But these results are equally
applicable for the thermally distributed Maxwellian plasmas in the limit of
larger spectral indices such that κe, κi and κd approach ∞. For very small
drift velocity and large spectral index such that drift velocity approaches to
zero and spectral index approaches to infinity, our results approaches to that
presented in (Ali et al. [2010]). But if we ignore the orbital angular momentum
of the electric field and consider the planar electric field, then with large Kappa
and zero drift velocity of electron, the results of Baluku et al., (2015) can be
obtained.
The distribution of all the particles is considered to be non-Maxwellian (Kappa)
distribution, but each speices carry its own distinct spectral index. The reason
for such consideration is the fact that the electrons, the ions and dust particles
have respective contrast in mass and temperature. The spectral index of
inertialess species is chosen to be smaller while for the inertial one, the spectral
index is larger. Because the inertialess suprathermal species like electrons have
higher temperature and smaller mass, while massive particles such as ions and
dust have comparatively lower temperature and higher mass. It depicts that
ligher particles are Kappa distributed while the distribution of heavier particles
is closer to the Maxwellain. It is therefore wise to take smaller value of spectral
index for inertialess particles and larger for dynamic particles. The massive
particles, like protons, ions and dust particles, are indeed often cooler (except
in the solar corona and solar wind) and, therefore, their distributions must
be closer to a Maxwellian as compared to the electrons distribution. The
distribution of electrons in space plasmas can be well defined by the Kappa
distribution function. It converge to a Maxwellian distribution in the limit of
a very large Kappa, i.e. such that Kappa approaches to infinity (Arshad et al.
[2015], Lazar et al. [2012]). This spectral dependence is also shown in the figure
6.1. The dust particles are charged, but we consider their charges as constant
values, i.e., the charge variation is neglected. Though at times the charge of the
dust varies, which eﬀect the thermal distribution of the dust also. In that case,
the non-Maxwellian distribution may be the better choice over a Maxwellian
distribution.
In dusty plasmas the suprathermal population of particles is ubiquitous. From
the composite spectra of CAPS/ELS (0.6 eV to 26 keV) and the MIMI/LEMMS
(15 keV to 10 MeV) instruments on board Cassini (Schippers et al. [2008]),
the radial populations of the electron in Saturn’s magnetosphere is observed.
The thermal electrons are depleted beyond 15 Rs while suprathermal electrons
still appeared in the middle and outer magnetosphere. The calibrated
measurements of electrons between 10 eV and 5.95 keV by the Voyager Plasma
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Science Experiment (PLS) indicates that the electron distribution functions
within the plasma sheet to be non-Maxwellian in the Jupiter’s bow shock
(Scudder et al. [1981]). The velocity space distribution of the electrons and
protons in space plasmas e.g., extended corona, solar wind and planetary
magnetospheres, are well defined by power laws in particle speed such as
Kappa distribution (Pierrard and Lazar [2010], Lazar et al. [2012]), most
probably due to their acceleration mechanism in the presence of broadband
lower hybrid or Alfven wave turbulence (Leubner [2000]). Mamun and Islam
[2011] derived the modified Gardner (MG) equation to identify the non-
planar (cylindrical and spherical) double layers in non-thermal dusty plasmas.
Hellberg et al. [2005] reveals the possibility of Kappa-Maxwellian distribution
in the space environments. Moreover, the instability described in the presented
paper can explain the origin of waves and the enhance fluctuations (Verheest
[1996]) observed in dusty plasmas like planetary magnetospheres (Arshad et al.
[2014b]), cometary tails (Arshad and Mirza [2014]) or even the solar wind
(Arshad et al. [2014a]) after such an event. It also describes the important role
of waves and fluctuations in the transport processes in space plasmas (Gombosi
[2004]) where the role of binary collisions (Tigik et al. [2016]) is taken by the
wave-particle interactions (Skiﬀ et al. [2000]).

Chapter 7
Conclusion and Summary
7.1 Main Results and Their Physical Relevance
In this thesis project, an advanced kinetic theory has been developed to describe
various dispersion properties of twisted electromagnetic waves (or vortices) with
a helical electric component carrying orbital angular momentum (OAM) in
non-Maxwellian, Kappa distributed plasmas. During the last decade, twisted
waves had been studied only for idealized plasmas which were considered
to be in thermodynamic equilibrium with Maxwellian particle velocity (or
energy) distribution functions. However, space and laboratory plasmas are
in general out of thermal equilibrium, and a Maxwellian description of particle
velocity distribution is thus not very realistic. This is mainly because of
the observed suprathermal particle populations which enhance the high (and
low) energy tails of the distributions in these plasmas. Such ’non-thermal’
plasmas are nowadays modeled by non-thermal distribution functions like
generalized Lorentzian or Kappa distribution functions, and their gyrotropic
versions, e.g. bi-Kappa, Maxwellian-Kappa, product-bi-Kappa, and drifting-
Kappa distributions for reproducing various anisotropies with respect to the
magnetic field direction. Fields carrying orbital momentum may induce non-
planar morphologies and twisted waves with helical components in these
’non-thermal’ plasmas. Hence, these plasmas remain no longer gyro-tropic,
and exhibit in turn diﬀerent dispersion and stability properties. This is
illustrated by the fact that the wave propagation in these plasmas is modified
reflecting changes of both the longitudinal and azimuthal wave numbers. The
longitudinal wave number mainly determines the spatial variation while the
azimuthal wave number is most relevant to the variation in the phase of the
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non-helical wave fronts. In the present thesis, the orbital angular momentum
(OAM) of the electric field is taken into account in order to examine the
linear dispersion and stability properties of this component as a function of
the azimuthal wave number of the non-planar helical wave fronts.
Our research pertains to the study of non-Maxwellian (Kappa) distributed
twisted waves and instabilities. The weak and strong Landau damping rates,
growth rates and threshold values of instabilities are determined for twisted
modes in unmagnetized non-gyrotropic plasmas. In the theoretical model a
cylindrical symmetry is presumed. The Vlasov-Poisson equation is solved under
the paraxial approximation and decomposed in terms of Laguerre-Gaussian
(LG) mode functions. In twisted waves, the longitudinal and azimuthal
components are dominant while the radial component is less pronounced.
The weak damping rates are determined from the analytical solutions using
the weak damping approximation but for the strong damping rates, the
dielectric function is solved exactly by the standard Newton-Raphson method.
The numerical solutions are obtained without any physical approximation.
Therefore, they provide a valid physical interpretation of the physics of the
wave-particle interaction (Landau damping/growth) of the waves.
Our studies include the modeling of non-Maxwellian (Kappa) distributed
electrostatic and quasi-electrostatic twisted waves like Langmuir and ion
acoustic twisted waves, dust ion acoustic and dust acoustic twisted waves, and
quasi-electrostatic twisted waves in Lorentzian dusty plasmas.
The Landau damping rates of Langmuir twisted waves are studied with
Kappa distributed suprathermal electrons by applying the kinetic theory. The
decomposed Vlasov-Poisson equation in the paraxial approximation is used to
derive the plasma dielectric function for the analysis of the twisted Langmuir
waves with Kappa distributed electrons in the presence of helical electric field
carrying orbital angular momentum. The Laguerre-Gaussian mode function
is employed for the decomposition of the perturbed distribution function and
the helical electric field. The dispersion relation and weak damping rates are
estimated analytically for the twisted and planar Langmuir waves and also
determined numerically. The strong Landau damping rates of twisted and
planar Langmuir waves are obtained by the Newton-Raphson method in the
short-wavelength limit, such that the wavelength approaches the Debye length.
The results indicate that the Landau damping rates are the smallest for twisted
waves when the longitudinal and azimuthal wave numbers are equal. The
damping rates are larger when when the longitudinal wave number is larger
than the azimuthal wave number, and even larger when the longitudinal wave
number is smaller than the azimuthal wave number. However, when the Landau
damping rates of non-planar twisted Langmuir waves are compared with the
planar Langmuir waves, then larger Landau damping rates are observed for the
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planar case in comparison to the twisted Langmuir waves. The results of the
Landau damping rates are analyzed against the normalized electron’s Debye
length. In the limit of large spectral index (Kappa), i.e. κ → ∞, our results
become analogous to that presented by Mendonca [2012].
In the next part, the kinetic theory of twisted ion acoustic waves is provided
in terms of the ratio of the temperature of electrons to that of ions by
considering Kappa distributed super-thermal electrons while the massive ions
are considered to be Maxwellian distributed. The dielectric function of the
twisted ion acoustic wave is obtained from the solution of the decomposed
Vlasov-Poisson equation. The decomposition of the perturbed distribution
function and helical electric field is again executed in terms of the Laguerre-
Gaussian (LG) mode functions. The weak Landau damping rates are
established from the analytical solutions of the plasma dielectric function while
the strong Landau damping rates from the ’exact’ numerical solution of the
plasma dielectric function. The weak Landau damping theory fails to explain
the realistic physical interpretation of the Landau damping at lower values of
the ratio of the temperature of electrons to that of ions. Therefore, the strong
Landau damping rates are determined by the Newton-Raphson method and
these results are quite well in accordance with the physical interpretation of
the Landau damping rates at low temperature , i.e. at low values of Te/Ti.
The results show that the Landau damping rates are the lowest in the case
when the azimuthal wave number and longitudinal wave number have the same
values. They are larger for smaller values of the azimuthal wave number in
comparison to the longitudinal wave number, and even larger for higher values
of the azimuthal wave number as compared to the longitudinal wave number.
However, when a comparison is made between the planar ion acoustic wave and
twisted ion acoustic wave, the Landau damping rate of the planar ion acoustic
wave is larger. The eﬀect of the normalized electron’s Debye length on the
Landau damping rates of twisted ion acoustic waves has also been analyzed. It
is revealed that the Landau damping rates of ion acoustic twisted waves are
larger for higher values of the normalized Debye length of electrons. This is
because the presence of a higher number of probable suprathermal particles
taking energy from the wave in the case of larger Debye lengths. The results
of our studies are also applicable to Maxwellian plasmas. As a matter of fact,
in the limit κ→∞, we can retrieve the expressions for the dispersion relation
and Landau damping rates discussed by Khan et al. [2014].
The kinetic study of twisted waves is further extended for the study of the
electrostatic and quasi-electrostatic twisted wave instabilities for the Kappa
distributed non-thermal dusty plasmas in the presence of helical electric field
carrying orbital angular momentum. The modified expression of the Vlasov-
Poisson equation is solved for Kappa distributed drifted electrons, ions and
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dust particles acquiring distinct spectral indices and the plasma dielectric
function of dust ion acoustic (DIA) and dust acoustic (DA) twisted modes
is obtained. The Laguerre-Gaussian (LG) mode function is again used for the
decomposition of the modes into their longitudinal and azimuthal components.
The dielectric function of the electrostatic twisted wave instability is treated
analytically for the analysis of weak growth rates. The modified dispersion
relation, growth rates, instability conditions and their threshold expressions
are predicted from the plasma dielectric functions of the DIA and the DA
twisted modes against appropriate physical dusty plasma parameters. The
growth rate of the instability of the DIA and the DA twisted modes increases
with a decrease in the spectral index of the drifted electrons, increase in the
temperature ratio of electron to ion and ion to dust for the DIA and DA twisted
modes, respectively, and dimensionless drifted velocity.
In our studies, we consider the non-thermal Kappa distribution of the electrons
with a shift in the parallel velocity due to existence of the drift velocity of the
electrons along the longitudinal direction. This drift velocity plays the role of
the source of instabilities of the DIA and the DA twisted modes. For the case
when the electrons have a nongyro-tropic distribution without any drift velocity,
the expected phenomenon is the Landau damping of the wave. When the
tail of the distribution function does not have a suﬃciently large contribution
of suprathermal particles, then the shape of the distribution function shifts
towards the Maxwellian distribution. In the absence of an electron’s drift
velocity and suprathermal particles such that κ → ∞, we can accomplish the
results of Landau damping for Maxwellian plasmas (Ali et al. [2016]).
7.2 Outlook and Future Research
Most of the studies that consider an inertia-less species that is non-Maxwellian
distributed, usually include a Maxwellian (thermal) distribution for the heavier
(inertial) species. In our case, however, we have considered a non-thermal
(Lorentzian) distribution for each species but the spectral index Kappa of the
heavier species is assumed to be larger compared to that of the lighter species.
Heavier particles like protons, ions and dust particles are indeed cooler apart
from the situation in the solar wind and observed corona (Pierrard and Lazar
[2010]) and, therefore, their distributions must be closer to a Maxwellian as
compared to the distribution of the electrons. In natural plasmas from space,
the electron distributions are well reproduced by Kappa distribution functions,
which converges to a Maxwellian in the limit of very large Kappa such that
Kappa approaches to infinity (Lazar et al. [2012]). It is therefore reasonable
to assume that the spectral index (Kappa) of the heavier species is larger
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compared to that of the lighter species. In chapter 5, we included figures
displaying the dependence of the growth rate of the instability on the super-
thermal parameters or spectral indices of the species, and therefore it is quite
reasonable to take the specific super-thermal population of each species. We
have, however, included a fixed charging of the dust particles while the charge
of the dust can fluctuate, which deviates the thermal distribution of the dust
to some extent. In that case, a non-Maxwellian distribution may be a better
choice than a Maxwellian distribution.
Our most recent investigations concern the eﬀect of non-thermal Kappa
distributed dynamics and stationary dust particles on the characteristic twisted
waves instability in the presence of helical electric field carrying orbital angular
momentum. These results may apply to circumstellar environments, cometary
tails, galaxies and prestellar nebulae, where multi-component dusty plasmas
are observed.
Recently, it was realized the system describing the modeling of the non-
Maxwellian Kappa distributed twisted waves carrying orbital angular momen-
tum has very eﬀective quasi-electrostatic inherited characteristics. Therefore,
quasi-electrostatic twisted waves have been studied in the Lorentzian dis-
tributed non-gyro-tropic plasmas. These results are really a new addition to
the knowledge of plasma community. The orbital angular momentum was also
considered by the optical community to lasers, i.e., in the optical frequency
range, in past few decades. However, the main motivation for the study of
non-thermal twisted waves in multi-component dusty and simple electron-ion
plasmas came for some observational and experimental evidences about the
existence of twisted structures and waves in astrophysical space plasmas and
stellar environments.
The study of twisted waves is an emerging research topic in plasma physics
and we have developed the first-ever kinetic theory of electrostatic modes with
a twisted wave theory for the non-Maxwellian (Kappa) distributed plasmas.
These electrostatic modes have been modeled by considering the real topology
of the electric field. However, if the eﬀect of the magnetic field would also be
introduced in the twisted wave theory, this could reveal very novel electrostatic
and electromagnetic modes, which can provide a better understanding of
waves in helical structures like Alfvénic and magnetic tornadoes. Such helical
waves have been observed in space plasmas like the magnetosphere of Mercury
(Steigerwald [2009]), the lower atmosphere of the Sun (Scharmer et al. [1999],
Scharmer et al. [2003]), and the F-ring of Saturn (Shukla [2013]).
A recent experimental study by researchers at the University of Paris-Saclay, in
France, showed that intense vortex beams hitting a plasma can generate vortex
beams with shorter wavelengths due to the exchange of angular momentum
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with the plasma Denoeud et al. [2017]. When these vortices are focused on a
silica target, which acts as a plasma mirror, then the reflected vortices have
helical wave-fronts. These waves can be particularly suited for accelerating
positrons in tabletop experiments. This can also have applications in the
generation of high harmonics of extreme ultraviolet (XUV) light (Géneaux
et al. [2016]). In addition to these applications, twisted waves provide new
fundamental knobs to control the interaction of light and matter (Kong et al.
[2017]). This can answer fundamental questions about ionization processes.
Magnetic flux ropes are created and analyzed in the Large Plasma Device
(LAPD) at the University of California, Los Angeles (Gekelman et al. [2012]).
The results indicate that the twisted magnetic field lines are a constant feature
of magnetic reconnection in laboratory and space astrophysical plasmas. Flux
ropes in the solar corona and laboratory devices typically consist of twisted
helical bundles of field lines which reconnect. It is quite natural to expect that
twisted waves would play some role in such magnetic reconnection processes. As
magnetic reconnection is often mediated by plasma waves with kinetic features
(like kinetic Alfvén waves and whistler waves), it would be important to study
the role of twisted waves in magnetic reconnection too.
Appendix A
The Paraxial Wave Equation
A.1 The Wave Equation for a Free Space
In a free space, we can write the wave equation for the light (an electromagnetic
wave) in the following manner
∇2E (r, t)− 1
c2
∂2E (r, t)
∂t2
= 0, (A.1)
where c denotes the speed of light, E (r, t) represents the electric field vector.
The term ∇2 denotes Laplacian operator, whose expression is
∇2 =
(
∂2
∂x2
+ ∂
2
∂y2
+ ∂
2
∂z2
)
. (A.2)
For a simple analysis, we consider the magnitude of the electric field E (r, t)
only. The wave equation Eq. (A.1) then reduces to a single equation for this
amplitude
∇2E (r, t)− 1
c2
∂2E (r, t)
∂t2
= 0. (A.3)
The above simplified equation does not contain any polarization and interfer-
ence by the transverse components of the electric field anymore. This does not
aﬀect the plane waves but surely the expansion and generation of diﬀracted
beams, carrying spherical wave fronts. The laser beams do not widen very
quickly. Therefore, this simple scalar approximation fits well for them. For
further simplification, we assume a light beam with a single frequency ω.
Inspired by the similar plane waves in homogeneous plasmas, we can define
99
100 THE PARAXIAL WAVE EQUATION
the electric field in the following form,
E (r, t) = Ê (r, t) exp [i (kz − ωt)] , (A.4)
where k is the propagation vector or wave number of a plane wave. In the
definition of electric field, the amplitude Ê (r, t) varies very slowly and is
relevant for the control of the diameter and strength of the laser beam, while
the exponential term exp [i (kz − ωt)] shows relatively fast oscillations in the
field. By using the Eq. (A.4) into Eq. (A.3), we get(
∂2
∂x2
+ ∂
2
∂y2
+ ∂
2
∂z2
)
Ê (r, t) exp (ikz) (A.5)
× exp (−iωt) + ω
2
c2
Ê (r, t) exp [i (kz − ωt)] = 0.
In order to simplify Eq. (A.5), we can apply the following expressions
k2 = ω
2
c2
, (A.6)
∂
∂z
Ê (r, t) exp (ikz) = exp (ikz)
[
∂
∂z
Ê (r, t) + ikÊ (r, t)
]
, (A.7)
and
∂2
∂z2
Ê (r, t) exp (ikz) = exp (ikz)
[
∂2
∂z2
Ê (r, t) + 2ik ∂
∂z
Ê (r, t)− k2Ê (r, t)
]
.
(A.8)
By substituting Eqs. (A.6)-(A.8) in wave equation Eq. (A.5), we obtain(
∂2
∂x2
+ ∂
2
∂y2
+ ∂
2
∂z2
+ 2ik ∂
∂z
)
Ê (r, t) = 0. (A.9)
For the complete solution of the scalar wave equation Eq. (A.3), we have to
solve the above equation which is very challenging.
A.2 The Paraxial Approximation
In order to solve the Eq. (A.9), we may apply the so-called paraxial
approximation, which demonstrates the gradual variation of field along
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longitudinal direction (i.e., the z-axis). We can write the expression of the
paraxial approximation in the following form:∣∣∣∣2ik ∂∂z Ê (r, t)
∣∣∣∣≫ ∣∣∣∣ ∂2∂z2 Ê (r, t)
∣∣∣∣ . (A.10)
Under this paraxial approximation, the scalar wave equation Eq. (A.9) is
modified as (
∂2
∂x2
+ ∂
2
∂y2
+ 2ik ∂
∂z
Ê (r, t)
)
Ê (r, t) = 0. (A.11)
The above wave equation is known as the ’paraxial wave equation’ . The
reason for using the paraxial term is very straight forward. For quite slow
z-dependence, all the beam propagates almost parallel to the z-axis. This
approximation is very common for the laser beams, typically. In cylindrical
coordinates, with ρ2 = x2 + y2 and θ = tan−1 (y/x), the paraxial equation can
be written as(
1
ρ
∂
∂ρ
(
ρ
∂
∂ρ
)
+ 1
ρ2
∂2
∂ϕ2
+ 2ik ∂
∂z
Ê (r, t)
)
Ê (r, t) = 0, (A.12)
where
1
ρ
∂
∂ρ
(
ρ
∂
∂ρ
)
+ 1
ρ2
∂2
∂ϕ2
= ∂
2
∂x2
+ ∂
2
∂y2
. (A.13)

Appendix B
Mathematical Description of
Electromagnetic Beams
Carrying Orbital Angular
Momentum
Consider the propagation of a transverse electromagnetic wave in the z-
direction. In such waves or ’beams’ the electric field E and magnetic field B
oscillate transverse to the z-axis. The momentum density of such waves thus
points along the z-axis. However, electromagnetic waves may also have angular
momentum, namely when the E andB oscillations have also a component in the
z-direction. Electromagnetic waves with such characteristics are often observed,
carrying angular orbital momentum.
In this appendix, we calculate firstly the amplitude distribution function of
Gaussian beams, which is then further utilized to calculate the amplitude
distribution function of Laguerre Gaussian beams. This mathematical
description is inspired on the description provided in the PhD thesis by Sjoholm
and Palmer [2007].
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B.1 Gaussian Beams
The z-components of the E and B fields may provide insight in the angular
momentum of an electromagnetic transverse beam. Therefore, we will start
our study of Gaussian beams, i.e. beams with a Gaussian distribution function,
from the vector potential A which could be helpful to determine the z-
component of the E and B fields:
A = u(x, y, z) exp(−ikz)x̂. (B.1)
Where u(x, y, z) denotes the variation of the field amplitude, called amplitude
distribution in quantum mechanics. The monochromatic wave solutions of the
wave equation (with frequency ω) are also solutions of the Helmholtz equation,
as the wave equation reduces to a Helmholtz equation for waves with time
dependence ∼ exp(iωt). Therefore, we can obtain the amplitude u from the
Helmholtz equation given below(∇2 + k2)u(x, y, z) exp(−ikz) = 0. (B.2)
Here k = λ/2pi. If the beams have slowly varying amplitude in the z-direction,
then we can apply the following paraxial wave approximation∣∣∣∣2k∂u∂z
∣∣∣∣≫ ∣∣∣∣∂2u∂z2
∣∣∣∣ . (B.3)
In simple words, the paraxial approximation elaborates that the beam does
not spread much from the beam axis. By applying this approximation on the
Helmholtz equation Eq. (B.2), we obtain(
∇2⊥ − 2ik
∂
∂z
)
u(x, y, z) exp(−ikz) = 0. (B.4)
Here ∇2⊥ is the transverse part of the Laplacian. The solution of the Helmholtz
equation can be obtained from that of a spherical wave, which is
u (r) = A exp (−ikr)
r
. (B.5)
Here A denotes some constant and r corresponds to the distance from the
source. We can transform Eq. (B.5) in cartesian coordinates by inserting r =√
x2 + y2 + z2 given by
u (x, y, z) = A
exp
(
−ikz
√
1 + x2+y2z2
)
z
√
1 + x2+y2z2
≈ A
exp (−ikz) exp
(
− ik(x
2+y2)
2z
)
z
.
(B.6)
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Using this Eq. (B.6), we can then write u (x, y, z) for the Gaussian beam in
cylindrical coordinates in the form given in section 3.2 of Sjoholm and Palmer
[2007]
u (ρ, ϕ, z) = A exp [−i× f (z)] exp
(
− ikρ
2
2× g (z)
)
. (B.7)
Here ρ2 =
(
x2 + y2
)
, while f (z) and g (z) are analytic functions of z, which will
be determined in the later studies. If the amplitude function u (ρ, ϕ, z) is also
the solution of the paraxial Helmholtz equation, then we can write Eq. (B.4)
in the following way
∇2⊥
[
exp [−i× f (z)] exp
(
− ikρ
2
2× g (z)
)]
(B.8)
− 2ik ∂
∂z
[
exp [−i× f (z)] exp
(
− ikρ
2
2× g (z)
)]
= 0 .
In order to operate ∇2⊥ and ∂/∂z, we will split Eq. (B.8) in two parts such that
∇2⊥
[
exp [−i× f (z)] exp
(
− ikρ
2
2× g (z)
)]
(B.9)
= exp [−i× f (z)] exp
(
− ikρ
2
2× g (z)
)[
− 2ik
g (z) −
k2ρ2
g2 (z)
]
,
and
∂
∂z
[
exp [−i× f (z)] exp
(
− ikρ
2
2× g (z)
)]
(B.10)
= exp [−i× f (z)] exp
( −ikρ2
2× g (z)
)
×
[
− i ∂
∂z
f (z) + k
2ρ2
2× g2 (z)
∂
∂z
g (z)]
]
.
By substituting Eqs. (B.9 & B.10) in Eq. (B.8) we get
2ik
g (z) + 2k
∂
∂z
f (z) + k
2ρ2
g2 (z)
[
1− ∂
∂z
g (z)
]
= 0. (B.11)
We can now decompose Eq. (B.11) into a ρ-dependent and a ρ-independent
part. These are defined in Eq. (B.12) and Eq. (B.13), respectively, and these
equations will be further utilized to obtain expressions for the analytic functions
f(z) and g(z):
2ik
g (z) + 2k
∂
∂z
f (z) = 0, (B.12)
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and
k2ρ2
g2 (z)
[
1− ∂
∂z
g (z)
]
= 0. (B.13)
The integration of ρ-dependent and ρ-independent equations results into the
following expressions for the analytical functions f(z) and g(z)
g (z) = z + g0, (B.14)
and
f(z) = −i ln (z + g0) . (B.15)
By inserting these expressions of f(z) and g(z) in the expression for the
amplitude function given by Eq. (B.7), we get
u (ρ, ϕ, z) = A 1
z + g0
exp
(
− ikρ
2
2 (z + g0)
)
. (B.16)
Now we will analyze the properties of the cylindrical beam and compare them
with those of a spherical wave. The analytical function f(z) is relevant for the
complex phase, while the function g(z) describes the intensity variation. We
can write g(z) in terms of the radius of curvature R(z) and the width w(z).
1
g (z) =
1
R(z) −
iC
h(w(z)) , (B.17)
where C is a constant. The width w(z) is a measure of how the electric field
falls oﬀ when moving away from the beam axis. This fall oﬀ is Gaussian and
w corresponds to the distance from the axis where the amplitude is 1/e of the
maximum value. Hence, the ’ width of the beam’ does not refer to the range
where the whole distribution is located. At z = 0, the minimal value of the
beam width is known as the ’beam waist’, w0. At z = 0, the wave front is
plane, i.e. with an infinite radius of curvature. In this case, the reciprocal of
g (z) is purely imaginary. Therefore, we have
u (ρ, ϕ, z) = constant× exp
(
ikρ2
2
iC
h(w(z))
)
. (B.18)
Assuming ρ = w(z) and an amplitude 1/e times the maximum value, the
exponent becomes
exp
(
ikw2(z)
2
iC
h(w(z))
)
= exp (−1) , (B.19)
which leads to
h(w(z)) = w2(z), (B.20)
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C = 2
k
= λ
pi
, (B.21)
g (z) = z + ipiw
2(z)
λ
, (B.22)
and
1
g (z) =
1
R(z) −
iλ
piw2(z) . (B.23)
From the above expressions, we can derive the following expressions for w and
R
w(z) = w0
√
1 +
(
λz
piw2o
)2
, (B.24)
and
R (z) = z
[
1 +
(
piw2o
λz
)2]
. (B.25)
By substituting z = piw2o/λ in the equation above for w(z), we obtain w(z) =√
2w0. Such value of z is known as the Rayleigh range zR. The Rayleigh range
provides information about the beam spreading and at smaller values of zR,
the beam diverges very fast. Now, we will write the width w(z) and radius of
curvature R (z) in terms of Rayleigh range in the following way
w(z) = w0
√
1 +
(
z
zR
)2
, (B.26)
and
R (z) = z
[
1 +
(zR
z
)2]
. (B.27)
Using these equations for the width w(z) and the radius of curvature R (z), we
can modify the analytical function f(z)
f(z) = −i ln (z + g0) = −i ln (z + izR) , (B.28)
or
f(z) = −i ln
(√
z2R + z2
)
+ tan−1
(zR
z
)
(B.29)
Finally, this leads to the final expression for the Gaussian beam given below:
uG (ρ, ϕ, z) = A
w0
zRw(z)
exp
[
−i tan−1
(zR
z
)]
exp
 −ikρ2
2z
(
1 + z
2
R
z2
)
 exp [ −ρ2
w2(z)
]
,
(B.30)
which is the general expression for the Gaussian beam.
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B.2 Laguerre Gaussian Beams
In order to obtain electromagnetic beams with orbital angular momentum, we
need a solution of Helmholtz equation Eq. (B.4) with an azimuthal dependence
in the form e−ilϕ.
Let us start with considering a field amplitude distribution for the Laguerre-
Gaussian beams in the form (Kogelnik and LI [1966])
u(ρ, ϕ, z) = F (ρ, ϕ, z)uG(ρ, ϕ, z), (B.31)
where uG(ρ, ϕ, z) is the field amplitude of the Gaussian beams and the
expression of F (ρ, ϕ, z) is given by
F (ρ, ϕ, z) = C × h
( ρ
w
)
exp(−ilϕ). (B.32)
By using the expression of azimuthal-dependent amplitude function defined in
Eq. (B.31) in the Helmholtz equation Eq. (B.4), we obtain
F∇2⊥uG + 2∇⊥F · ∇⊥uG + uG∇2⊥F − 2ikuG
(
∂
∂z
)
F+2ikF
(
∂
∂z
)
uG= 0.
(B.33)
Here, ∇2⊥ denotes the transverse part of the Laplacian. By applying the
paraxial approximation in the Helmholtz equation, we can write Eq. (B.33)
as
2 [∇⊥F · ∇⊥uG] + uG∇2⊥F − 2ikuG
(
∂
∂z
)
F = 0. (B.34)
By working out the operators (∇⊥,∇2⊥ & ∂∂z ) on F and∇⊥ on uG in Eq. (B.34),
the equation above becomes
−2
 ikρ
z
(
1 + Z
2
R
Z2
) + 2ρ
w2(z)
 ∂h
∂ρ
+
(
∂2h
∂ρ2
+ 1
ρ
∂h
∂ρ
− l
2
ρ2
)
−2ik
(
ih
∂ϕ
∂z
+ ∂h
∂z
)
= 0.
(B.35)
After applying a few analytical operations on Eq. (B.35), we can write
h
( ρ
w
)
=
[√
2
( ρ
w
)]l
× Llp
(
2 ρ
2
w2
)
, (B.36)
and
ϕ(z) = (2p+ l) arctan
(
ZR
Z
)
, (B.37)
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where Llp denotes the generalized Laguerre polynomial, which is the solution
of the following diﬀerential equation
x
d2
dx2
Llp + (l + 1− x)
d
dx
Llp + pLlp = 0. (B.38)
Here l and p are integers greater than −1. Finally, by using the values of ϕz, h
and uG in Eq. (B.31), we can write the expression for the Laguerre-Gaussian
beam in the following form
uLGpl (ρ, φ, z) = Cpl ×
w0
ZRw(z)
×
[√
2
( ρ
w
)]l
× Llp
(
2 ρ
2
w2
)
× exp [−ilφ] exp
[
−i (2p+ l + 1) arctan
(
ZR
Z
)]
exp
− ikρ2
2z
(
1 + Z
2
R
Z2
)
 exp [− ρ2
w2(z)
]
,
where Cpl =
√
p!/(p+ |l|)! is constant. The above equation for the Laguerre-
Gaussian beam is useful for the analysis of the waves/modes carrying orbital
angular momentum, especially for the lasers and twisted plasmas.

Appendix C
Plasma Dispersion Function
C.1 Solution of Plasma Dispersion Functions
The kinetic theory provides some novel features of plasma waves, which cannot
possibly be studied with the conventional fluid theory. In kinetic modeling,
we need the solution of the dielectric function to investigate the dispersion
properties of plasma waves/modes. We can calculate the solution of the plasma
dispersion function either analytically using the weak damping approximation,
or numerically by using standard numerical methods. The general form of the
plasma dispersion relation can be written as
Z(ξ) = A
∫ ∞
−∞
f(s)ds
(s− ξ) , (C.1)
where A is a normalization constant, f(s) represents the one dimensional
velocity distribution function, ξ corresponds to the normalized phase velocity,
and s denotes the dimensionless velocity of the particles.
The analytical solution of this equation can be obtained by integrating the
plasma dispersion functions given below, under the corresponding limits of
plasma species for the Maxwellian and Kappa distributed plasmas (Summers
and Thorne [1991]), respectively,
Z(ξ) = pi1/2
∫ ∞
−∞
exp(−s2)ds
(s− ξ) . (C.2)
and
Z(ξ) = 1
pi1/2κ3/2
Γ(κ+ 1)
Γ(κ− 1/2)
∫ ∞
−∞
ds
(s− ξ)(1 + s2/κ)κ+1 . (C.3)
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We can write the plasma dispersion functions in the form of special functions
to apply optimized numerical methods. The plasma dispersion function for
the Maxwellian distributed plasmas can be presented by the error function erf
shown in the relation given below
Z(ξ) = i
√
pi exp(−ξ2)[1 + erf(iξ)], (C.4)
and the plasma dispersion function for the Lorentzian Kappa distributed
plasmas can be written in terms of the hypergeometric function 2F1 appearing
in the expression below (Mace and Hellberg [1995])
Z(ξ) = i (κ+ 1/2)(κ− 1/2)
κ3/2(κ+ 1) 2F1
[
1; 2κ+ 1;κ+ 2; 12
(
1− ξ
i
√
κ
)]
. (C.5)
In our studies, we have derived and solved the Maxwellian or Kappa distributed
plasma dispersion functions by an optimized Newton-Raphson method without
using any physical approximations.
Bibliography
A. F. Alexandrov, L. S. Bogdankevich, and A. A. Rukhadze. Principles of
plasma electrodynamics. Springer-Verlag, 1984.
S. Ali, J. R. Davies, and J. T. Mendonca. Inverse faraday eﬀect with linearly
polarized laser pulses. Physical Review Letters, 105:035001, 2010.
S. Ali, S. Bukhari, and J. T. Mendonca. Twisted landau damping rates in
multi-component dusty plasmas. Physics of Plasmas, 23:033703, 2016.
L. Allen and M. Padgett. Equivalent geometric transformations for spin and
orbital angular momentum of light. Jouranl of Modern Optics, 54:487, 2007.
L. Allen, M. W. Beijersbergen, R.J. Spreeuw, and J. P. Woerdman. Orbital
angular momentum of light and the transformation of laguerre-gaussian laser
modes. Physical Review A, 45:8185–8189, 1992.
L. Allen, S. M. Barnett, and M. J. Padgett. Optial angular momentum. IOP
Publishing, 2003.
M. F. Anderson, C. Ryu, V. Natarajan, A. Vaziri, K. Helmerson, and W. D.
Phillips. Quantized rotation of atoms from photons with orbital angular
momentum. Physical Review Letters, 97:140406, 2006.
Kashif Arshad and S. Mahmood. Electrostatic ion waves in non-maxwellian
pair-ion plasmas. Physics of Plasmas, 17:124501, 2010.
Kashif Arshad and A. M. Mirza. Landau damping and kinetic instability in
non-maxwellian highly electronegative multi-species plasma. Astrophysics
and Space Science, 349:753–763, 2014.
Kashif Arshad, S. Mahmood, and A. M. Mirza. Landau damping of ion acoustic
wave in lorentzian multi-ion plasmas. Physics of Plasmas, 18:092115, 2011.
113
114 BIBLIOGRAPHY
Kashif Arshad, Z. Ehsan, S. A. Khan, and S. Mahmood. Solar wind driven dust
acoustic instability with lorentzian kappa distribution. Physics of Plasmas,
21:023704, 2014a.
Kashif Arshad, A. M. Mirza, and A. Rehman. Ion-acoustic waves in non-
maxwellian magnetospheric electron-positron-ion plasma. Astrophysics and
Space Science, 350:565, 2014b.
Kashif Arshad, F. Siddique, A. M. Mirza, and A. Rehman. Stability criterion
for the non-maxwellian permeating plasma. Astrophysics and Space Science,
350:169, 2014c.
Kashif Arshad, A. Rehman, and S. Mahmood. Landau damping of langmuir
twisted waves with kappa distributed electrons. Physics of Plasmas, 22:
112114, 2015.
Kashif Arshad, A. Rehman, and S. Mahmood. Kinetic study of ion acoustic
twisted waves with kappa distributed electrons. Physics of Plasmas, 23:
052107, 2016.
Kashif Arshad, M. Lazar, S. Mahmood, A. Rehman, and S. Poedts. Kinetic
study of electrostatic twisted waves instability in nonthermal dusty plasmas.
Physics of Plasmas, 24:033701, 2017.
G. Backus. Linearized plasma oscillations in arbitrary electron velocity
distributions. Journal of Mathematical Physics, 1:178, 1960.
T. K. Baluku and M. A. Hellberg. Kinetic theory of dust ion acoustic waves in
a kappa-distributed plasma. Physics of Plasmas, 22:083701, 2015.
S.J. Bame, J.R. Asbridge, H.E. Felthauser, E.W. Hones, and I.B. Strong.
Characteristics of the plasma sheet in the earth’s magnetotail. Journal of
Geophysical Research, 72:113–129, 1967.
S. M. Barnett and R. Zambrini. Orbital angular momentum of light. Quantum
Imaging, pages 277–311, 2007.
S. M. Barnett, L. Allen, R. P. Cameron, C. R. Gilson, M. J. Padgett, F. C.
Speirits, and A. M. Yao. On the natures of the spin and orbital parts of
optical angular momentum. Journal of Optics, 18:064004, 2016.
A. O. Barut. Electrodynamics and classical theory of fields and particles. Dover
Publications Inc., 1980.
G. Belmont, F. Mottez, T. Chust, and S. Hess. Existence of non-landau
solutions for langmuir waves. Physics of Plasmas, 15:052310, 2008.
BIBLIOGRAPHY 115
Iwo Bialynicki-Birula and Zofia Bialynicka-Birula. Gravitational waves
carrying orbital angular momentum. New Journal of Physics, 18:023022,
2016.
T. H. Boyer. Illustrations of the relativistic conservation law for the center of
energy. American Journal of Physics, 73:953, 2005.
S.P. Christon. A comparison of the mercury and earth magnetospheres:
Electron measurements and substorm time scales. Journal of Geophysical
Research, 71:448, 1987.
S.P. Christon, D.J. Mitchell, D.G.and Williams, L.A. Frank, C.Y. Huang, and
T.E. Eastman. Energy spectra of plasma sheet ions and electrons from 50
ev/e to 1 mev during plasma temperature transitions. Journal of Geophysical
Research, 93:2562, 1988.
C. Cohen-Tannoudji, J. Dupont-Roc, and G. Grynberg. Photons and atoms:
Introduction to quantum electrodynamics. Wiley-Interscience, 1997.
S. Coleman and J. H. Van Vleck. Origin of hidden momentum forces in magnets.
Physical Review, 171:1370–1375, 1968.
M.R. Collier and D.C. Hamilton. The relationship between kappa and
temperature in energetic ion spectra at jupiter. Geophysical Research Letters,
22:303, 1995.
V. De la Haye, J.H. Jr. Waite, R.E. Johnson, R.V. Telle, T.E. Cravens, J.G.
Luhmann, W.T. Kasprzak, D.A. Gell, B. Magee, F. Leblanc, M. Michael,
S. Jurac, and I.P. Robertson. Cassini ion and neutral mass spectrometer data
in titans upper atmosphere and exosphere: Observation of a suprathermal
corona. Journal of Geophysical Research, 112:A07309, 2007.
H. G. Demars and R. W. Schunk. Transport equations for multispecies plasmas
based on individual bi-maxwellian distributions . Journal of Physics D:
Applied Physics, 12:1051, 1979.
P. Dennery and A. Krzywiki. Mathematics for physicists. Harper and Row,
NY., 1967.
A. Denoeud, L. Chopineau, A. Leblanc, and F. Quéré. Interaction of
ultraintense laser vortices with plasma mirrors. Physical Review Letters, 118:
033902, 2017.
K. Dialynas, S.M. Krimigis, D.G. Mitchemm, D.C. Hamilton, N. Krupp,
and P.C. Brandt. Energetic ion spectral characteristics in the saturnian
magnetosphere using cassini/mimi measurements. Journal of Geophysical
Research, 114:A01212, 2009.
116 BIBLIOGRAPHY
H. J. Fahr, J. D. Richardson, and D. Verscharen. On the origin of the
ion-electron temperature diﬀerence in the plasma sheet. Astronomy and
Astrophysics, 579:A18, 2015.
V. Formisano, G. Moreno, F. Palmiotto, and P.C. Hedgecock. Solar wind
interaction with the earth’s magnetic field: 1. magnetosheath. Journal of
Geophysical Research, 78:3714, 1973.
B. D. Fried and S. D. Conte. The plasma dispersion function. Academic Press,
NY., 1961.
W. Gekelman, E. Lawrence, and B. Van Compernolle. Three dimensional
reconnection involving magnetic flux ropes. Journal of Astrophysics, 753:
131, 2012.
G. Gloeckler and D.C. Hamilton. Am pte ion composition results. Physica
Scripta, T18:73, 1987.
O. Gloeckler, J. Geiss, H. Balsiger, P. Bedini, J.C. Cain, J. Fischer, L.A. Fisk,
A. B. Galvin, F. Gliem, D.C. Hamilton, J.V. Hollweg, F.M. Ipavich, R. Joos,
S. Livi, R. Lundgren, U. Mall, J.F. McKenzie, K.W. Ogilvie, F. Ottens,
W. Rieck, E.O. Tums, R. vonSteiger, W. Weiss, and B. Wilken. The solar
wind ion composition spectrometer. Astronomy and Astrophysics Supplement
Series, 92:267, 1992.
R. Géneaux, A. Camper, T. Auguste, O. Gobert, J. Caillat, R. Taïeb, and
T. Ruchon. Controlling the orbital angular momentum of high harmonic
vortices. Nature Communications, 7:12583, 2016.
H. Goedbloed and S. Poedts. Principles of magneohydrodynamics with
applicaitons to laboratory and astrophysical plasmas. Press syndicate of
Univesity of Cambridge, 2004.
T. I. Gombosi. Physics of the space environment. 2004.
I. S. Gradshteyn and I.M. Ryzhik. Table of intergrals, series and products.
Elsvier, 2007.
D. G. Grier. A revolution in optical manipulation. Nature, 424:810, 2003.
A. Gurnett and A. Bhattacharjee. Introduction to plasma physics: With space
and laboratory applications. Cambridge Press, 2005.
M. Harwit. Photon orbital angular momentum in astrophysics. The
Astrophysical Journal, 597:1266, 2003.
BIBLIOGRAPHY 117
H. He, M. E. Friese, N. R. Heckenberg, and H. Rubinsztein-Dunlop. Direct
observation of transfer of angular momentum to absorptive particles from
a laser beam with a phase singularity. Physical Review Letters, 75:826–829,
1995.
M. A. Hellberg, R. L. Mace, and T. Cattaert. Eﬀects of superthermal particles
on waves in magnetized space plasmas. Space science Review, 121:127, 2005.
H. Hora. Laser plasmas and nuclear energy. Plenum Press, 1975.
A. Iserles. A first course in the numerical analysis of diﬀerential equations.
Proceedings of the Royal Society of London, 2nd Edition, 2009.
B. Jack, J. Leach, J. Romero, and M. J. Padgett. Holographic ghost imaging
and the violation of a bell inequality. Physical Review Letters, 103:083602,
2009.
J. D. Jackson. Classical electrodynamics. John Wiley & Sons, New York, 1975.
A. Jesacher, S. Furhapter, S. Bernet, and M. Ritsch-Marte. Quantitative
imaging of complex samples by spiral phase contrast microscopy. Physical
Review Letters, 94:233904, 2005.
I. D. Kaganovich. Eﬀects of collisions and particle trapping on collisionless
heating. Physical Review Letters, 82:327, 1999.
S. A. Khan, A. Rehman, and J. T. Mendonca. Kinetic study of ion-acoustic
plasma vortices. Physics of Plasmas, 21:092109, 2014.
H. Kogelnik and T. LI. Laser beams and resonators. Applied Optics, 5:1550–
1567, 1966.
F. Kong, C. Zhang, F. Bouchard, Z. Li, G. G. Brown, D. H. Ko, T. J.
Hammond, L. Arissian, R. W. Boyd, Ebrahim Karimi, and P. B. Corkum.
Controlling the orbital angular momentum of high harmonic vortices. Nature
Communications, 8:14970, 2017.
S. M. Krimigis, T. P. Armstrong, W. I. Axford, C. O. Bostrom, A. F. Cheng,
G. Gloeckler, D. C. Hamilton, E. P. Keath, L. J. Lanzerotti, B. K. Mauk,
and J.A. Van Allen. Hot plasma and energetic particles in neptune’s
magnetosphere. Science, 223:97, 1986.
S.M. Krimigis and Keath E.P. Bostrom C.O. Axford W.I. Gloeckler G.
Lanzerotti L.J. Armstrong T.P. Carbary, J.F. Characteristics of hot plasma
in the jovian magnetosphere: Results from the voyager space craft. Journal
of Geophysical Research, 86:8227, 1981.
118 BIBLIOGRAPHY
S.M. Krimigis, J.F. Carbary, E.P. Keath, T.P. Armstrong, L.J. Lanzerotti, and
G. Gloeckler. General characteristics of hot plasma and energetic particles in
the saturnian magnetosphere: Results from the voyager spacecraft. Journal
of Geophysical Research, 88:8871, 1983.
M. Lazar, R. Schlickeiser, and S. Poedts. Exploring the solar wind. INTECH,
2012.
J. A. Lee, J. Carini, A. Choi, R. Dillman, S. J. Griﬃn, S. Hanneman,
C. Mamplata, and E. Stanton. Lunar lander conceptual design. University
of Virginia, 3:305–310, 1989.
M. P. Leubner. Wave induced suprathermal tail generation of electron velocity
space distributions. Planetary and Space Science, 48:133, 2000.
Jian-Ke Lu. Boundary value problems for analytical functions. World Scientific
Publishing Co. Pte. Ltd., 1993.
R. L. Mace and M. A. Hellberg. A dispersion function for plasmas containing
superthermal particles. Physics of Plasmas, 2:2098, 1995.
Pierrard V. Maksimovic, M. and J. F. Lemaire. A kinetic model of the
solar wind with kappa distribution functions in the corona. Astronomy and
Astrophysics, 324:727, 1997.
A. A. Mamun and S. Islam. Nonplanar dust-ion-acoustic double layers in a
dustynonthermal plasma. Journal of Geophsical Research, 116:A12323, 2011.
B.H. Mauk, E.P. Keath, M. Kane, S.M. Krimigis, A.F. Cheng, M.H. Acuna,
T.P. Armstrong, and N.F. Ness. The magnetosphere of neptune: Hot plasmas
and energetic particles. Journal of Geophysical Research, 96:19061, 1991.
B.H. Mauk, D.G. Mitchell, R.W. McEntire, C.P. Paranicas, E.C. Roelof, D.J.
Williams, S.M. Krimigis, and A. Lagg. Energetic ion characteristics and
neutral gas interactions in jupiters magnetosphere. Journal of Geophysical
Research, 107:A09S12, 2004.
J. T. Mendonca. Kinetic description of electron plasma waves with orbital
angular momentum. Physics of Plasmas, 19:112113, 2012.
J. T. Mendonca and B. Thide. Neutrino orbital angular momentum in a plasma
vortex. Euro Physics Letters, 84:41001, 2008.
N. Meyer-Vernet, M. Moncuquet, and S. Hoang. Temperature inversion in the
io plasma torus. Icarus, 116:202, 1995.
P. W. Milonni and J. H. Eberly. Laser physics. John Wiley and Sons, 2010.
BIBLIOGRAPHY 119
G. Molina-Terriza, J. P. Torres, and L. Torner. Twisted photons. Nature
Physics, 3:305, 2007a.
G. Molina-Terriza, J. P. Torres, and L. Torner. Twisted photons. Nature
Physics, 3:305–310, May 2007b. doi: 10.1038/nphys607.
C. Mouhot and C. Villani. On landau damping. Acta Mathematica, 207:29,
2011.
D. H. Nicholson. Introduction to plasma theory. Wiley Series in Plasma Physics,
1983.
D. R. Nicolson. Introduction to plasma theory. pages 77–96. Krieger Publishing,
Malabar, Fl., 1967.
S. Oemrawsingh, X. Ma, D. Voigt, A. Aiello, E. Eliel, G. t’ Hooft, and
J. P. Woerdman. Experimental demonstration of fractional orbital angular
momentum entanglement of two photons. Physical Review Letters, 95:240501,
2005.
T. M. ÓNeil. Collisionless damping of nonlinear plasma oscillations. Physics
of Fluids, 8:2255, 1965.
M. Padgett and R. Bowman. Tweezers with a twist. Nature photonics, 5:343,
2011.
C. Paterson. Atmospheric turbulence and orbital angular momentum of single
photons for optical communication. Physical Review Letters, 94:153901, 2005.
L. G. Pedraza. Particle in cell simulations of electrostatic waves in saturns
magnetosphere. 2012.
V. Pierrard and M. Lazar. Kappa distributions: Theory and applications in
space plasmas. Solar Physics, 267:153, 2010.
V. Pierrard and J. Lemaire. Fitting the ae-8 energy spectra with two
maxwellian functions. Radiation Measurements, 26:333, 1996.
V. Pierrard, M. Maksimovic, and J. Lemaire. Core, halo and strahl electrons in
the solar wind. Astrophysics and Space Science, volume = 277, Pages=195,
year = 2001,.
J. H. Poynting. The wave motion of a revolving shaft and a suggestion as to
the angular momentum in a beam of circularly polarised light. volume 82,
pages 560–567. Royal Society of London, 1909.
Moos H.W. Strobel D.F. Retherford, K.D. Ios auroral limb glow: Hubble space
telescope fuv observations. Journal of Geophysical Research, 108:1333, 2003.
120 BIBLIOGRAPHY
Halina Rubinsztein-Dunlop, T. Asavei, D. Preece, Alexander B. Stilgoe,
Norman R. Heckenberg, and Timo A. Nieminen. Measurement of angular
momentum flux in optical tweezers. Complex Light and Optical Forces V,
7950:79500I, 2011. doi: 10.1117/12.886221.
H. Schamel. Particle trapping: A key requisite of structure formation and
stability of vlasov poisson plasmas. Physics of Plasmas, 22:042301, 2015.
G. Scharmer, M. Owner-Petersen, T. Korhonen, and A. Title. The new swedish
solar telescope. High Resolution Solar Physics: Theory, Observations, and
Techniques, ASP Conference Series 183, 183:157168, 1999.
Goran Scharmer, Klas Bjelksjo, Tapio K. Korhonen, Bo Lindberg, and Bertil
Petterson. The 1-meter swedish solar telescope. Innovative Telescopes and
Instrumentation for Solar Astrophysics, 4853:341350, 2003.
Karl Schindler. Physics of space plasma activity. Cambridge University Press,
2007.
P. Schippers, M. Blanc, N. André, I. Dandouras, G.R. Lewis, L.K. Gilbert, A.M.
Persoon, N. Krupp, D.A. Gurnett, A.J. Coates, S.M. Krimigis, D.T. Young,
and M.K. Dougherty. Multi-instrument analysis of electron populations in
saturn’s magnetosphere. Journal of Geophysical Research, 113:A07208, 2008.
D. Schriver, M. Ashour-Abdalla, and R. L. Richard. On the origin of the ion-
electron temperature diﬀerence in the plasma sheet. Journal of Geophysical
Research, 103:14879, 1998.
J. Schwinger, L. L. Deraad Jr., K. A. Milton, and W. Tsai. Classical
electrodynamics. Perseus Books, 1998.
J. D. Scudder, Sittler Jr. E. C., and H. S. Bridge. A survey of the plasma
electron environment of jupiter: A view from voyager. Journal of Geophysical
Research, A10:8157, 1981.
P. K. Shukla. Twisted electrostatic ion-cyclotron waves in dusty plasmas.
Physical Review Letters, 87:015101, 2013.
Johan Sjoholm and K. Palmer. Angular momentum of electromagnetic
radiation. PhD thesis, Uppsala School of Engineering and Department of
Astronomy and Space Physics, Uppsala University, Sweden, May 2007. URL
http://www.teknat.uu.se/student. Thide, Bo (supervisor).
F. Skiﬀ, C. S. Ng, A. Bhattacharjee, W. A. Noonan, and A. Case. Wave-particle
interaction. Plasma Physics and Controlled Fusion, 42:B27–B35, 2000.
BIBLIOGRAPHY 121
A.J. Steﬄ, F. Bagenal, and A.I.F. Stewart. Cassini uvis observations of the io
plasma torus: Ii. radial variations. Icarus, 172:91, 2004.
B. Steigerwald. Magnetic tornadoes could liberate mercury’s tenuous
atmosphere. Greenebelt MD (SPX), June 2009.
S. Stverak, P. Travnicek, M. Maksimovic, E. Marsch, A. N. Fazakerley, and
E. E. Scime. Electron temperature anisotropy constraints in the solar wind.
Journal of Geophysical Research, 113:A03103, 2008.
K. Sueda, N. M. G. Miyaji, and M. Nakatsuka. Laguerre-gaussian beam
generated with a multilevel spiral phase plate for high intensity laser pulses.
Optics Express, 12:3548–3553, 2004.
D. Summers and R. M. Thorne. The modified plasma dispersion function.
Physics of Plasmas, 3:1835, 1991.
D. G. Swanson. Plasma waves, 2nd edition. IOP Publishing Ltd., 2003.
F. Tamburini, B. Thide, G. Molina-Terriza, and G. Anzolin. Twisting of light
around rotating black holes. Nature Physics, 7:195, 2011.
B. Thidé, F. Tamburini, H. Then, C. G. Someda, and R. A. Ravanelli. The
physics of angular momentum radio. physics.optics, 2015.
S. F. Tigik, L. F. Ziebell, P. H. Yoon, and E. P. Kontar. Two-dimensional
time evolution of beam-plasma instability in the presence of binary collisions.
Astronomy and Astrophysics, 586:A19, 2016.
V. M. Vasyliunas. A survey of low-energy electrons in the evening sector of the
magnetosphere with ogo 1 and ogo 3. Journal of Geophysical Research, 73:
2839, 1968.
F. Verheest. Waves and instabilities in dusty space plasmas. Space science
Review, 77:267, 1996.
J. Vieira, R. M. G. M. Trines, E. P. Alves, R. A. Fonseca, J. T. Mendonca,
R. Bingham, P. Norreys, and L. O. Silva. Amplification and generation of
ultra-intense twisted laser pulses via stimulated raman scattering. Nature
Communications, 7:10371, 2016.
J. Wang, J. Yang, I. M. Fazal, N. Ahmed, Y. Yan, H. Huang, Y. Ren, Y. Yue,
S. Dolinar, M. Tu, and A. E. Willner. Terabit free-space data transmission
employing orbital angular momentum multiplexing. Nature photonics, 6:488,
2012.
122 BIBLIOGRAPHY
F. Xiao, C. Shen, Y. Wang, H. Zheng, and S. Wang. Energetic electron
distributions fitted with a relativistic kappa-type function at geosynchronous
orbit. Journal of Geophysical Research, 113:A05203, 2008.
A. M. Yao and M. J. Padgett. Orbital angular momentum: origins, behaviour
and applications. Advances in Optics and Photonics, 3:161, 2011.
H. Zhang, W. Zhang, L. Xi, X. Tang, X. Zhang, and X. Zhang. A new
type circular photonic crystal fiber for orbital angular momentum mode
transmission. Physical Review Letters, 28:1426–1429, 2016.
B. Zolesi and L. R. Cander. Ionosphereic prediction and forecasting. Springer,
pages 1–235, 2014.
Curriculum
Oﬃcial Address
Centre for Mathematical Plasma Astrophysics,
Celestijnenlaan 200B, Bus 2400,
3001 Heverlee, Leuven,
Belgium.
Contact
Mobile No.:
+32 465 40 5557 (BE)
+92 334 382 3332 (PK)
Email (Personal): kashif.arshad.butt@gmail.com
Email (Oﬃcial): kashif.arshad@kuleuven.be
Academic
• Centre for Mathematical Plasma Astrophysics (CmPA),
KU Leuven, Belgium. (2016-2018)
(Doctor of Science in Solar Physics)
Supervisor: Prof. Dr. Stefaan Poedts
Thesis Title: Application of Kinetic theory to study twisted modes in
non-Maxwellian plasmas.
• Pakistan Institute of Engineering & Applied Sciences, (PIEAS)
Islamabad, Pakistan. (2012-2016)
(Ph.D. Computational Physics)
Supervisor: Prof. Dr. Aman-ur-Rehman
123
124 CURRICULUM
Thesis Title: Application of Kinetic theory to study twisted modes in
non-Maxwellian plasmas
Specialization: Advance Kinetic modeling for space and laboratory plas-
mas, Kappa distributed non-Maxwellian distributed Lorentzian plasmas,
Twisted waves and instabilites carrying orbital angular momentum.
Major Courses: Simulation in Statistical Physics, Computational
Fluid Dynamics, Neutron Transport Theory, Thermonuclear Engineering,
Plasma Simulations, Experimental Laser Physics, Monte Carlo Simula-
tions.
• Quaid-i-Azam University (QAU),
Islamabad, Pakistan. (2008-2010)
(M.Phil. Plasma Astrophysics)
Supervisor: Prof. Dr. Arshad Majid Mirza
Thesis Title: Study of Waves in Pair-ion Plasmas
Specialization : Modeling of Space (Lorentzian or Kappa distributed)
and laboratory (Maxwellian distributed) plasmas by Kinetic theory and
Fluid model, Instabilities in plasmas.
Major Courses: Plasma Physics, Inertial Confinement Fusion, Con-
dense Matter Physics Electromagnetic Theory, Particle Physics, Mathe-
matical methods of Physics, Quantum Optics, Material Science.
• Government College University (GCU),
Lahore, Pakistan. (2005-2007)
(M.Sc. Physics)
Project Title: A Survey of Seismic Data and its Statistical Analysis
Specialization : Plasma and Particle Physics.
Major Courses: Plasma Physics, Particle Physics, Electromagnetic the-
ory, Quantum Mechanics, Mathematical Methods of Physics, Electronics,
Nuclear Physics, Modern Physics, Computational Physics, Classical &
Statistical Physics, Numerical Analysis.
• University of the Punjab (PU),
Lahore, Pakistan. (2003-2005)
(B.Sc. Physics, Pure & Applied Mathematics)
Major Courses: Mechanics, Electromagnetic Theory, Modern Physics,
Electronics, Nuclear Physics, Vector Analysis, Metric Spaces, Calculus,
Mathematical Methods.
CURRICULUM 125
Professional Experience
• Univeristy of Wah (UW),
Wah Cantt, Pakistan. (2013-1016)
(Lecturer)
• National Centre for Physics (NCP),
Islamabad, Pakistan. (2009-2011)
(Research Scholar)
• University of Engineering and Technology (UET),
Taxila Cantt, Pakistan.
Department of Telecommunication Engineering (2012),
Department of Electrical Engineering (2010).
(Visiting Lecturer)
• Army Public School College System (APSACS),
Chinnar Campus, Murree, Pakistan. (2011-2012)
(Lecturer Physics)
Skill Trainings
• US Funding Opportunities (09.05.2017 - 09.05.2017).
• Research Integrity (19.05.2017 - 19.05.2017).
• Eﬀective Graphical Displays (29.05.2017 - 08.06.2017).
• Doing a Job Interview (31.05.2017 - 31.05.2017).
• Interpersonal Skills (06.06.2017 - 07.06.2017).
• Insight your Strengths and Ambitions (09.06.2017 - 09.06.2017).
126 CURRICULUM
• Project and Self Management (20.06.2017 - 21.06.2017).
• Introduction to Leadership (23.06.2017 - 23.06.2017).
• Creative Problem Solving (14.07.2017 - 14.07.2017).
• Networking (18.08.2017 - 18.08.2017).
• Research Data Management for PhD Students (16.10.2017 - 16.10.2017).
• Writing Scholarships and Research Grants (27.11.2017 - 28.11.2017).
• Pronouncitaion and Intonation (30.10.2017 - 05.12.2017).
Conferences/Seminars
• Annual Charm Meeting, Royal Observatory of Belgium, Brussels, Bel-
gium (10th of March, 2017).
• European Geosciences Union (EGU) Assembly Meeting, Vienna, Austria
(23-28 April, 2017).
• 8th International Conference on the Physics of Dusty Plasmas (8ICPDP),
Prague, Czech Republic (20-25 May, 2017).
• ICNSP & Frontiers of Astrophysical Modeling, Leuven, Belgium (18-22
September, 2017).
• American Geophysical Union (AGU) Fall Meeting, New Orleans, United
States of America (11-15 December, 2017).
• European Geosciences Union (EGU) Assembly Meeting, Vienna, Austria
(08-13 April, 2018).
Publications
• Kashif Arshad, M. Lazar and S. Poedts (2017), "Quasi-electrostatic
twisted waves in Lorentzian dusty plasmas", Planetary and Space Science
in press: DOI: 10.1016/j.pss.2017.10.013 (Available online).
• Kashif Arshad, Yana G. Maneva and S. Poedts (2017), "Ion acoustic
wave damping in a non-Maxwellian bi-ion electron plasma in the presence
of dust", Physics of Plasmas 24, 093708.
• Kashif Arshad, M. Lazar, S. Mahmood, Aman-ur-Rehman and S.
Poedts (2017), "Kinetic study of electrostatic twisted waves instability
in nonthermal dusty plasmas", Physics of Plasmas 24, 033701.
• Kashif Arshad, Aman-ur-Rehman and S. Mahmood (2016), "Kinetic
study of ion acoustic twisted waves with kappa distributed electrons",
Physics of Plasmas 23, 052107.
• Kashif Arshad, Aman-ur-Rehman and S. Mahmood (2015), "Landau
damping of Langmuir twisted waves with kappa distributed electrons",
Physics of Plasmas 22, 112114.
• Kashif Arshad, Z. Ehsan, S. A. Khan and S. Mahmood (2014), "Solar
wind driven dust acoustic instability with Lorentzian kappa distribution",
Physics of Plasmas 21, 023704.
• Kashif Arshad, Arshad M. Mirza and Aman-ur-Rehman (2014), "Ion-
acoustic waves in non-Maxwellian magnetospheric electron-positron-ion
plasma", Astrophysics and Space Science 350, 585.
• Kashif Arshad, Fizza Siddique, Arshad M. Mirza and Aman-ur-
Rehman (2014), "Stability criterion for the non-Maxwellian permeating
plasma", Astrophysics and Space Science 350, 169.
127
128 PUBLICATIONS
• Kashif Arshad and Arshad M. Mirza (2014), "Landau damping and
kinetic instability in non-Maxwellian highly electronegative multi-species
plasma", Astrophysics and Space Science 349, 753.
• Kashif Arshad S. Mahmood and Arshad M. Mirza (2011), "Landau
damping of ion acoustic wave in Lorentzian multi-ion plasmas", Physics
of Plasmas 18, 092115.
• Kashif Arshad and S. Mahmood (2010), "Electrostatic ion waves in
non-Maxwellian pair-ion plasmas", Physics of Plasmas 17, 124501.

FACULTY OF SCIENCE
DEPARTMENT OF MATHEMATICS
AFDELING PLASMA-ASTROFYSICA
Celestijnenlaan 200B box 2402
B-3001 Leuven
kashif.arshad@kuleuven.be
http://www.wis.kuleuven.be/CmPA
